Causal Faithfulness of SAE Feature Attributions
in a Probe Pipeline

Samuel Xie
Seven Lakes High School
Katy, Texas, USA
samjh8xie@gmail.com

Abstract

Sparse autoencoders (SAEs) decompose language model activations
into interpretable features, but interpreting those features remains
largely correlational. Attribution methods could estimate which
features matter, yet it is unclear whether such estimates track causal
effects on the model. We test this in a probe-mediated pipeline on
GPT-2 Small and SST-2: we train linear and MLP probes on a layer-7
SAE, attribute probe outputs to features with SHapley Additive ex-
Planations (SHAP), Integrated Gradients (IG), and GradientxInput,
and score each attribution against the effect of ablating or steering
that feature on the language model’s logit difference. Because this
combines attribution error with any mismatch between what the
probe encodes and what the model uses, our results characterize
the full pipeline rather than attribution alone. The three methods
nearly coincide (and are analytically identical for linear probes),
but this agreement does not indicate causal validity. Importance
faithfulness survives multiple-comparison correction but is mod-
est and no better than a simple background-free baseline, while
directional faithfulness is near zero and nonsignificant. In the linear
arm, probe-side controls trace the directional failure to centering
attributions on a background mean. Local per-example attribution
outranks global averaging on importance only in the MLP arm and
only when inactive features are included; among active features
we find no advantage. In minimal pairs with known ground truth,
attribution does not recover changed features beyond what feature
activity alone provides. Importance and directional faithfulness are
separable properties that require separate evaluation, and agree-
ment among attribution methods should not substitute for causal
validation. Code is available at https://github.com/froge79/shap-sae.
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1 Introduction

Sparse autoencoders (SAEs) have emerged as a leading tool for
decomposing the internal representations of language models into
interpretable features. By training a sparse dictionary on resid-
ual stream activations, SAEs split superposed representations into
nearly monosemantic directions that can be inspected individually
[3, 7]. Recent work has scaled this approach to frontier models,
recovering tens of thousands of interpretable features [4, 18].

Despite this progress, SAE feature interpretation remains largely
correlational. The dominant pipeline identifies top-activating ex-
amples for each feature and assigns a semantic label manually or
with automated interpretability models. This reveals the contexts
in which a feature activates, but not which features causally drive a
model’s behavior. Attribution methods offer a more direct estimate
of feature influence. Logit-weight analysis, gradient-based attribu-
tion, and attribution patching have all been applied to SAE features,
and some have been validated against activation patching [9, 11, 17].
Yet post-hoc attribution is well known to be unreliable in general:
explanations can diverge from the model’s actual computation [14],
no attribution method can satisfy all desirable properties at once
[2], and apparent explanatory success can arise from methods that
would also “explain” noise [12]. Why should attribution fare better
on SAE features?

One reason it might is that SAE latents are sparse and, ideally,
closer to disentangled than neurons or dense directions. This re-
duces, though does not eliminate, the feature entanglement that
complicates attribution in dense bases. If attributions do not track
causal effects even here, we should be cautious about trusting them
elsewhere. A natural design for studying this is to attribute a trained
probe’s output to SAE features. A probe gives a fixed, interpretable
target, and for linear probes Shapley values can be computed ex-
actly. However, the probe is only a proxy for what the language
model does, so a faithfulness score measures attribution error com-
pounded with any mismatch between what the probe encodes and
what the model uses. We treat this as a property of the design to be
characterized rather than hidden.

As shown in Figure 1, we evaluate this probe-mediated pipeline
on sentiment classification (SST-2) with GPT-2 Small and a 32,768-
feature layer-7 SAE. We compare SHapley Additive exPlanations
(SHAP) [10], Integrated Gradients (IG), GradientxInput, and probe-
weight baselines across linear and MLP probes, scoring each against
the effect of feature ablation and activation steering on the language
model’s logit difference, and validating on minimal sentiment-word
edits with known ground truth.

Our contributions are:

Probe-mediated evaluation of attribution on SAE features.


https://github.com/froge79/shap-sae
https://doi.org/10.67149/yhjs2024.5/adr9jtxz
https://doi.org/10.67149/yhjs2024.5/adr9jtxz

SHAP SAE Causal Faithfulness

1. Input and Model
SST-2 movie reviews
Frozen GPT-2 Small
Layer 7 residual stream (last non-padding token)

2. Sparse Feature Extraction

Pretrained sparse autoencoder (SAE)
Activation — 32,768 latent features

3. Sentiment Probes

L1 linear probe: all 32,768 features
MLP probe: 114 selected features

4. Feature Attributions
SHAP Integrated Gradients
GradientXInput ~ Probe weights (baseline)
Local per-example and global average scores

5. Causal Reference
Ablate or steer SAE features in GPT-2
Measure change in logit difference:
“wonderful” versus “awful”

6. Faithfulness Evaluation
Spearman correlation between attributions and causal effects
Importance: |attribution| vs. |effect|
Direction: sign agreement

Figure 1: Pipeline for evaluating the causal faithfulness of
SAE feature attributions.

We apply SHAP, Integrated Gradients, GradientxInput, and probe-
weight baselines to linear and MLP probes trained on SAE latents.
For linear probes the first three are analytically identical, so we
treat that arm as a control and use the MLP arm to test whether the
methods diverge. They largely do not (Spearman p = 0.98-0.995
on global importance).

A causal evaluation of pipeline faithfulness. We score each
attribution against the effect of feature ablation and activation
steering on the language model’s logit difference. This measures
the composite of attribution error and probe-LM mismatch. Probe-
side controls in the linear arm partly separate the two, and we
discuss what the design can and cannot distinguish.

A decomposition of global directional failure. Importance
faithfulness is significant but modest and no better than a
background-free baseline, while directional faithfulness is near
zero. In the linear arm, probe-side controls trace this to centering
attributions on a background mean. We also compare local and
global attribution: local attribution ranks features by effect better
than the global score only when inactive features are included,
where it benefits from knowing which features are active, and we
find no advantage among active features.

A minimal-pair validation with known ground truth.
Across four edit types with known sentiment changes, the language
model’s readout tracks the edit direction, but attribution does
not identify the changed features beyond what feature activity
alone provides: an attribution-free baseline (whether a feature is
active at the edited last token) outperforms every method, and
local and global SHAP fall below chance once distractors are
activity-matched.
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2 Related Work
2.1 Sparse Autoencoders for Interpretability.

Sparse autoencoders decompose residual stream activations into
sparse, nearly monosemantic features, addressing the polysemantic-
ity that makes individual neurons difficult to interpret [3, 7]. Recent
work has scaled this approach to frontier models [4, 18]. Feature
interpretation in this literature remains largely correlational, rely-
ing on top-activating examples or auto-interpretability pipelines
rather than causal validation.

2.2 Attribution Methods.

Shapley-based attribution [10] and Integrated Gradients [16] are
standard tools for identifying which inputs drive model predictions.
Attribution patching [9, 17] applies gradient-based attribution to
transformer internals as an efficient approximation to activation
patching, and has been used to attribute effects to SAE features and
validated against patching [11]. These works approximate patching
effects inside the language model. We instead evaluate attribution
methods applied through a trained probe, including the local-versus-
global distinction and insertion versus removal. More broadly, post-
hoc attribution is known to be unreliable 2, 12, 14]; we ask whether
SAE features, being sparse, are a setting where it fares better.

2.3 Faithfulness Evaluation.

Faithfulness measures the degree to which an explanation reflects
a model’s true decision-making process [8]. Prior evaluation often
relies on input perturbation metrics, which face a basic difficulty:
removing features pushes inputs off the distribution the model
was trained on, so a drop in performance can reflect distribution
shift rather than the importance of the removed features. ROAR
[6] addresses this by removing the features an attribution ranks as
important and retraining the model, and finds that many widely
used attribution methods perform no better than a random ranking.
We instead score attributions against the effect of feature ablation
and activation steering on the language model’s output, a causal
reference rather than a perturbation proxy. Like ROAR, we com-
pare each attribution against trivial rankings (random selection,
raw probe weights, and a background-free baseline) rather than
reading its score in isolation. Unlike ROAR, we do not retrain, so
our interventions may move activations off-distribution.

2.4 Probing.

Linear probes over internal representations are a standard tool
for identifying whether a concept is encoded at a given layer [1].
High probe accuracy alone does not show that a representation
encodes a property, because an expressive probe can learn the
task itself. Prior work addresses this with control tasks, which
assign labels to word types at random so that accuracy can only
come from the probe’s capacity to memorize, and define selectivity
as the gap between accuracy on the real task and on the control
[5]. More expressive probes can achieve high accuracy with low
selectivity, and recommend simpler probes. We use probes over SAE
activations to define a prediction function over the latent feature
space, through which attribution methods are applied. We use an
L1-penalized linear probe and a small MLP, but we do not run
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a control task. Our checks on probe validity are instead indirect:
a bag-of-words baseline matches probe accuracy (Appendix E.6),
and the probe’s own intervention response predicts the language
model’s response only moderately. Because the probe is a proxy for
the language model, faithfulness here is measured for the probe-
attribution pipeline as a whole.

3 Methodology
3.1 Experimental Setup

We evaluate on SST-2 [15], a binary sentiment dataset of movie-
review sentences. We pool the full-sentence release, drop duplicates
and any sentence contained in another, and re-split 70/15/15 with
a fixed seed. A leakage check confirms that no validation or held-
out text is a duplicate or sub-text of a training text (Appendix A.1,
Table 5). The train set is used for fitting probes, attribution back-
grounds and baselines, and calibrating the steering parameter a.
The validation set is used for probe hyperparameters, the feature
mask, and reported probe accuracy. The held-out split is used only
for attribution and causal evaluation. Evaluation and background
rows are nested prefixes of one seeded permutation (Appendix A.1).

We use frozen GPT-2 Small [13] with the gpt2-small-resid-
post-v5-32k SAE from sae-lens [4], which decomposes layer
7 residual-stream activations into 32,768 latents. Activations are
taken at the last non-padding token.

3.2 Probing Models

We attribute a trained probe’s output to SAE features because a
probe gives a fixed, interpretable target. The cost is that the probe
is only a proxy for the language model. We train two probes, each
evaluated with identical attribution and causal methods (Appen-
dix A.2).

Linear probe. An L1-penalized logistic regression over all 32,768
features. Its gradient is constant, so IG, GA and signed-mean SHAP
coincide in closed form; this arm is therefore a control in which
their agreement is expected by construction.

MLP probe. A one-hidden-layer MLP on the masked feature sub-
set. It is only weakly nonlinear (a linear fit to its logit has R? = 0.99),
so this arm is a mild departure from the linear control, not a strong
test of nonlinear attribution. The mask depends on the validation
set, a label-free but non-independent dependency that makes its
validation accuracy mildly optimistic.

Feature mask. The mask keeps features with a non-zero linear-
probe coefficient and an activation frequency above 5% on the
validation split. It yields 114 features and restricts only the MLP
input and the steering candidate pool.

3.3 Attribution Methods

Each method attributes the same scalar: the log-odds margin (wx+b)
in the linear arm and the pre-sigmoid logit in the MLP arm. Scales
are not comparable across arms.

Zero-cost baseline. Raw probe weight (linear) and first-layer
saliency |[W;[i, ]|l (MLP) rank features with no input-specific
computation, so any gain from attribution is measured against
them.
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SHAP. We use shap.LinearExplainer (exact) for the linear arm
and shap.DeepExplainer with enforced additivity for the MLP
arm, which approximates Shapley values. Local SHAP ¢(x) uses
a 100-row training background. Global importance is the mean
absolute value m ;= Ee|¢;(x.)| over 1000 held-out rows against
the full training set as background. We use mean |¢| because the
signed mean ®; = E.[¢;(x.)] cancels across examples and mainly
reflects how evaluation rows differ from the background. ® (100-
row background) is kept wherever a direction is needed, since an
unsigned score cannot supply one.

Integrated Gradients and GradientxInput. IG integrates the gra-
dient along a path from a baseline to the input (Appendix B); GA
evaluates it at the input, GA; = (x; — baseline;) df /9x;(x). Both
use the mean training row as baseline and are aggregated like SHAP,
so methods differ in the attribution and not the aggregation. For a
linear probe both reduce to w;(x; — baseline;) and equal SHAP.

3.4 Feature-Ranking Agreement

We compute pairwise Spearman p between methods on features
with non-zero probe scores. In the linear arm, agreement (p = 1)
is a sanity check. MLP agreement is computed on [score| because
raw saliency has no sign.

3.5 Causal Evaluation

Attribution scores the probe alone. To test whether scores track
the language model, we intervene on SAE feature activations at
the layer-7 residual stream and measure the change in logit differ-
ence. A faithful attribution should rank features by effect size and
predict its sign. Because the attribution explains the probe while
the intervention acts on the language model, this tests the probe—
attribution-LM pipeline as a whole. For feature i with activation
a;:
Ablation:

d; =0, Z=Dec(a)

(1)
Steering (additive, signed):

Zz = Dec(a) (2)

A no-edit encode—decode pass is the baseline, isolating SAE
reconstruction error. Interventions apply at every token. Because
attribution is computed at the last token, we also run a last-token-
only condition that matches its scope; it is the main condition
(Table 2), with all-token results in Appendix E.7.

d,’ =a; + aj,

Readout. The readout is the final-token logit difference,

A = ¢(“wonderful”) — ¢(“awful”), (3)

compared before and after intervention. We use |A| for importance
and signed A for direction. Ablation effects are negated so positive
p always means greater faithfulness.

Steering calibration. We set a on the training split as the smallest
multiple of the median natural positive activation that gives a mea-
surable but unsaturated shift on a layer-11 probe (Appendix C.1).
Steering is scaled per feature to normalize for differing activation
magnitudes, with unscaled o as a robustness check.
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Feature selection. We evaluate three candidate sets: k random
features, the top k by |SHAP|, and all 114 masked features (Ap-
pendix C.2). Inference comes from the full set, with one Spearman
correlation per method and correlation type. Random draws are
repeated over 10 seeds and summarized descriptively, since the
draws overlap and are not independent replicates. Multiple compar-
isons are controlled with Benjamini—-Hochberg (FDR 0.05) within
a family fixed by rule: the tests of one run. We also report wider
families and Benjamini-Yekutieli (Appendix C.3).

Reuse and background sensitivity. Candidate sets that do not
depend on attribution are rescored from saved intervention effects
rather than re-measured. To check that the background does not
drive global scores, we also score ¢ and m under backgrounds
of different sizes and under bootstrapped 100-row backgrounds
(Appendix C.5).

Probe-side controls. A low faithfulness p cannot by itself separate
attribution error from probe-LM mismatch. For the linear probe, the
probe’s own response to each intervention is closed form: steering
moves the margin by P; = w;a;, and ablation by A; = —E.[w;x,;].
We therefore (i) score attributions against P; and A, which isolates
attribution error; (ii) correlate P; with the measured logit-difference
effect, which isolates how well the probe predicts the model; and (iii)
add a background-free baseline w;%;. We also test a class-matched
background (Appendix C.6). These controls are unavailable for the
MLP arm.

3.6 Local Faithfulness

Global attribution averages over examples, which could hide per-
example quality. We test whether local attributions track each sen-
tence’s intervention effects better than the global score, for impor-
tance (does |attribution| rank features by effect size?) and direction
(does the signed attribution match the sign of A?). For each sen-
tence x, candidates are the union of the top-k features by |$(x)|
and by global |¢T|, so both are scored on identical sets. We compute
per-sentence Spearman p for each and report the mean and the
fraction of sentences where local wins. The global directional score
is signed &.

Confound. Globally top features are often inactive in a given
sentence, and ablating an inactive feature changes the logit by
exactly zero, so global attribution’s lower correlation may reflect
inactive features rather than worse ranking. Block [A] uses all
candidates; Block [B] keeps only active features (activation > 0).

Significance tests. For both blocks and correlation types, we test
the mean gap piocal — Pglobal With a crossed bootstrap that resamples
sentences and features independently (B = 1000). Sentences share
most of their candidate features (mean pairwise Jaccard ~ 0.7), so a
sentence-only test understates uncertainty by roughly 4-9%. Two
follow-ups quantify the confound: a regression of the per-example
Block [A] gap on the active fraction of candidates, and a partial
Spearman controlling continuously for activation magnitude.

3.7 Known-Ground-Truth Validation

Natural SST-2 text has no known feature importance, so a near-zero
p could mean attribution failure or an insensitive harness. Minimal
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pairs resolve this because the source of the sentiment change is
known. We use four edits crossing edit type with position relative
to the final token: removal of a sentiment word, substitution with
an opposite-polarity word, insertion of “it was (word) ” at the end
of a neutral sentence, and interior insertion of the same clause mid-
sentence.

We check three quantities in dependency order:

(1) Readout validity: whether the logit-difference sign tracks
the known edit direction.

(2) Feature recovery: AUROC of each method at identifying
features whose last-token activation changed (chance 0.5;
Appendix D), against attribution-free baselines based on
activation magnitude and whether a feature is active.

(3) Causal recovery: correlation between per-feature ablation
effects and attribution scores on the edited sentence.

Two confounds are controlled. Using the pair’s own activations
as the SHAP background makes scores proportional to activation
change, which tautologically inflates AUROC, and selecting dis-
tractors by top global SHAP biases it downward. We therefore use
the training background and random distractors. Because random
distractors are mostly inactive, we also report an activity-matched
variant. Readout sign accuracy is reported with Wilson 95% inter-
vals against a null-edit noise floor.

3.8 Lexical Simplicity Control

We test whether SST-2 is lexically simple enough that interaction-
aware attribution cannot outperform simpler methods, using the
full held-out split (Appendix E.6). We run three analyses: (1) co-
activation, the number of active features per example and the over-
lap of the top-20 features; (2) baselines, comparing the SAE probe’s
held-out accuracy with logistic regressions on a sentiment lexicon,
bag-of-words variants, and the dense layer-7 residual; and (3) word-
detector tests, how well bag-of-words and lexicon features predict
each top feature’s activation and the probe logit. Reading rules
were fixed in advance: the probe is no better than bag-of-words if
the best validation-selected variant is within 0.03 accuracy, and a
feature is bag-of-words-explained if held-out R? > 0.25.

4 Results

4.1 Probe Performance

Both probes perform well above chance and comparably to each
other (Table 1); the MLP probe’s validation score is mildly optimistic
because of its pre-filtered inputs.

Table 1: Probe architectures and performance.

Arm Input dim  Val. Accuracy Val. AUROC
Linear 32,768 0.815 0.898
MLP 114 (filtered) 0.822 0.899

4.2 Attribution Method Agreement

With all three methods aggregated the same way, IG, GA and SHAP
agree almost perfectly on global importance, while probe saliency
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correlates only weakly with all three (Figure 2, Table 12). An earlier
version aggregated IG and GA as signed means, which lowered
IG-SHAP agreement; that gap reflected the aggregation, not the
methods (Appendix C.5).

MLP-arm attribution agreement
(Spearman p on |score|, n=114)

1.00

Probe

0.75

r 0.50

F0.25

I 0.00

Spearman p

GA A —0.25

r—0.50

SHAP A -0.75

—1.00

Probe IG GA SHAP

Figure 2: MLP-arm attribution agreement (Spearman p on
|score|, n = 114 filtered features). IG, GA, and SHAP (all mean
| - |) form a near-identical cluster; saliency correlates only
weakly with all three.

4.3 Causal Faithfulness

Table 2 reports global faithfulness over all 114 masked features
under last-token steering, BH-corrected within arm. SHAP, IG and
GA share the same aggregation, so they are identical in the linear
arm and nearly so in the MLP arm.

Importance faithfulness is significant for all three methods in
both arms but only small-to-moderate (p ~ 0.42-0.46, so each
explains roughly a fifth of the variation in feature effects). The
zero-cost baselines are lower, and in the MLP arm saliency is indis-
tinguishable from zero.

Directional faithfulness is weaker: SHAP, IG and GA are near
zero and nonsignificant in both arms, while probe weights alone
are significant in the linear arm (pgiy = 0.305; 0.399 all-token). The
weights beat SHAP by 0.41 (95% CI [0.09, 0.72], resampling features),
which is notable because attribution adds instance-specific informa-
tion to the same weights. A likely reason is that steering adds a fixed
shift, so its effect follows the sign of the weight, whereas attribu-
tion multiplies each weight by a deviation (x; — baseline;) that can
change sign. The probe-side controls below test this. Neither con-
clusion depends on how the test family is defined (Appendix C.3).
All-token steering gives similar or higher importance faithfulness,
and the same tests survive FDR correction (Appendix E.7). Matching
the intervention scope to the attributed token position therefore
does not improve measured faithfulness.

Global score and background. Scoring importance with the signed
mean P instead of mean |$| lowers importance faithfulness in both
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Table 2: Last-token global faithfulness (k = 114, steering, all
filtered features). Cells show Spearman p with BH-corrected
q in parentheses.

Arm Method Pimp () pdir (q)
Linear SHAP/IG/GA  +0.455 (<0.0001)*  —0.108 (0.254)
Linear Probe +0.270 (0.006)* +0.305 (0.002)*
MLP  SHAP +0.425 (<0.0001)*  —0.105 (0.464)
MLP Probe saliency +0.032 (0.859) n/a

MLP IG +0.423 (<0.0001)*  —0.053 (0.804)
MLP  GA +0.444 (<0.0001)*  —0.014 (0.884)

* Survives FDR 0.05. SHAP, IG and GA importance are mean absolute attribution
against the full training set (identical in the linear arm); direction is the signed mean
@ (same for all three in the linear arm). Linear arm: 5/8 tests survive (SHAP, IG and
GA counted separately; 3/4 distinct); MLP arm: 3/7. The same tests survive when BH
is pooled over all 30 tests (both arms, both intervention scopes).

arms and scopes, and makes it depend strongly on the background
draw. The same holds for IG and GA, so SHAP’s earlier apparent
advantage over them came from aggregation, not the method. The
background does not change the directional result: ®’s directional
p stays near zero under the full training set and under bootstrapped
backgrounds (Table 9).

Probe-side controls. Because attributions explain the probe and
interventions act on the language model, a low p could reflect
either. For the linear probe we can score attributions against the
probe’s own closed-form response (Section 3.5, Table 11). Against
the probe’s steering effect, @ is anti-correlated (pgir = —0.37 with the
full training set), while the background-free product w;x; reaches
+0.95. The directional failure is therefore attribution error relative
to the probe, produced by centring on a background mean, and does
not require any probe-LM mismatch. A class-matched background
leaves it unchanged, which excludes class balance as the cause.

The probe-LM link is itself only moderate: the probe’s steer-
ing effect predicts the measured effect with p = +0.31 (95% CI
[+0.10, +0.49]), so the language-model test has limited resolution.
At that level the background-free product and raw weight predict
direction better than ®, and for importance the background-free
product matches mean |¢$|, so SHAP importance does not beat a
baseline with no background. Ablation gives the same picture (Ap-
pendix C.6). We therefore read the directional null as a property
of ® rather than evidence about the language model, and the im-
portance results as showing that SHAP is no better than simple
probe-based scores. The design cannot show that any probe-based
score is unfaithful to the language model beyond the level set by
the probe-LM link.

4.4 Local Faithfulness

Figure 3 and Table 3 compare local and global SHAP, with global
scored by mean |¢|. Our headline is Block B (active features only),
since Block A is dominated by a tied block of inactive features that
local |¢(x)| identifies by construction.

In Block B the importance gap is negative in both arms, nominally
significant in the linear arm but not after FDR correction, and not
significant in the MLP arm. No directional gap is significant in
either block. In Block A, local SHAP ranks importance better than
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the global score in the MLP arm, the one local result that survives
correction. It is fragile: rescoring the original candidate sets with
a 100-row background gives p = 0.054 (Appendix C.5). The active
fraction of candidates explains only a modest share of the between-
example variation in the Block A gap (R? = 0.08-0.19). Local SHAP
therefore ranks features better than the global score only when
inactive features are included; among active features we find no
evidence that it is more faithful, and the point estimates favour the
global score.

Local vs. global p: Pl (n=100 sentences, ablation)
cis and gap significance from a crossed sentences x features bootstrap

Linear arm MLP arm

ssed 95% Cl)

n Spearman p (cro:

Mean Spearman p (crossed 95% Cl)

= Local SHAP
Global &

Acimportance  A: directional B importance  B: directional Aimportance  A: directional  B: importance  B: directional

Figure 3: Local vs. global attribution, per-example faithful-
ness (n = 100 sentences, ablation). Bars are mean Spearman
p across examples with 95% CIs from a crossed (sentences x
features) bootstrap; asterisks mark the uncorrected crossed-
bootstrap p for the local-global gap (** p < 1072, * p < 0.05,
n.s. otherwise); only the MLP-arm Block A importance gap
survives FDR correction (Appendix C.3). Global = mean |¢|.
Block A = all top-20-local U top-20-global candidates; Block
B = active-only control.

Why global directional attribution may fail. For a linear probe,
D =w; (f;"al — Epg[x;]), so global attribution mostly reflects how
the evaluation rows differ from the background rather than feature
importance. Its magnitude tracks the size of this mean shift more
closely than the size of the weights (p = 0.85 vs. 0.42), and only
40% of the top-20 |®| features have ® matching the sign of their
weight. Neither class balance nor a larger background removes the
mismatch: against all training rows ® matches the weight’s sign
for only 43% of the 114 masked features, and directional p over
bootstrapped 100-row backgrounds is centred on zero. Because
evaluation and background rows come from the same distribution,
the shift has no reason to share the weight’s sign. It is not pure
noise, though: held-out means sit slightly below training means
for most features, and the shift is negatively related to a feature’s
activation scale. Since the steering size a; scales with that activation
scale, this makes ® anti-correlated with the probe’s steering effect.
This follows from defining ® as a signed mean, not from the size
of the background, and dropping the background (w;x;) restores a
positive directional p.

4.5 Known Ground-Truth Validation and
Lexical Simplicity Control

Table 4 reports 100 minimal pairs for each of four edits. The readout

tracks the known direction in all four, but is weakest for removal

and interior insertion, where effects sit close to a null-edit noise
floor (Appendix D).
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Table 3: Local vs. global attribution, per-example
faithfulness (n = 100 sentences, ablation). Mean p across
examples; 95% CI and two-sided p (uncorrected; only MLP
Block A importance survives BH, Appendix C.3) for the gap
from a crossed (sentences X features) bootstrap. Global
score: mean |¢| for importance, signed @ for direction. Block
A: all candidates; Block B: active features only.

Block, kind Local  Global Gap 95% CI p Win frac.
Linear arm

A, importance +0.181 +0.020 +0.161 [-0.105, +0.445] 0.206 0.760
A, directional  +0.157 +0.123 +0.034 [-0.356, +0.442] 0.852 0.560
B, importance +0.019 +0.324 —0.305 [-0.573, —0.020] 0.036 0.137
B, directional ~ +0.188 +0.197 —0.009 [—0.514, +0.560] 0.938 0.505
MLP arm

A, importance +0.273 —0.115 +0.389 [+0.109, +0.665] 0.002 0.970
A, directional  +0.161 +0.062 +0.098 [—0.225, +0.370] 0.532 0.610
B, importance +0.017 +0.229 —0.213 [-0.534, +0.138] 0.290 0.240
B, directional ~ +0.230 +0.142 +0.088 [—-0.383,+0.565] 0.756 0.635

Against random distractors, local SHAP is modestly above
chance and global SHAP is near chance. Local SHAP’s apparent
advantage on insertion is a position effect: appending the clause
beats placing it mid-sentence, a difference that holds across seeds.
Feature recovery is also not shown to exceed what activity alone
gives: the attribution-free “active at the edited last token” baseline
beats every method, and once distractors are activity-matched,
both SHAP variants fall below chance in every seed.

Causal recovery is more informative. It is positive for local SHAP
in all four edits and for global SHAP in most, but local SHAP’s edge
over global is absent or reversed except for appended insertion. We
read this as weak evidence that |attribution| tracks ablation effect,
not that attribution identifies the changed features.

Table 4: Minimal-pair ground-truth validation (seed 42,

n =100 pairs per edit, linear arm). Sign acc. is readout
validity (Wilson 95% CI); AUROC is feature recovery (chance
= 0.5) with random or activity-matched distractors (global
SHAP is mean |¢| against the full training set, which equals
mean-| - | IG and GA for the linear probe); p is causal
recovery (random distractors). The baseline row scores
whether a feature is active at the edited last token, with no
attribution.

Edit Method Sign acc. AUROC rand. AUROC act.-matched P
Remove Local SHAP 0.76 [0.67, 0.83] 0.553 0.420 +0.186
Global SHAP 0.482 0.442 +0.057
Probe weights 0.395 0.508 —0.148
Active baseline 0.851 - -
Substitute Local SHAP 0.96 [0.90, 0.98] 0.565 0.427 +0.355
Global SHAP 0.512 0.421 +0.276
Probe weights 0.466 0.522 +0.013
Active baseline 0.803 - -
Insert (final) Local SHAP 0.91 [0.84, 0.95] 0.622 0.486 +0.219
Global SHAP 0.472 0.370 —0.034
Probe weights 0.406 0.490 —0.200
Active baseline 0.822 - -
Insert (interior) Local SHAP 0.79 [0.70, 0.86] 0.492 0.379 +0.194
Global SHAP 0.425 0.405 +0.054
Probe weights 0.410 0.475 —0.151
Active baseline 0.789 - -
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A hand-built sentiment lexicon is a weak baseline, but a full-
vocabulary bag-of-words logistic regression is statistically indis-
tinguishable from the SAE probe (Appendix E.6). SST-2 sentiment
is therefore largely recoverable from word presence, and we do
not claim the probe carries signal beyond it. The probe does trail
a logistic regression on the dense layer-7 residual. The lexicon
explains almost none of any top feature’s variance, so the earlier
lexicon-correlation test was uninformative; full-vocabulary bag-
of-words explains more, so top features are neither simple lexicon
detectors nor free of word identity. Because the task is largely lexi-
cal, it gives interaction-aware attribution little room to differ from
simpler methods, which limits what these experiments can show.

5 Discussion

Agreement among methods is not evidence of faithfulness. SHAP,
Integrated Gradients, and GradientxInput form a near-identical
cluster once they are aggregated the same way (MLP arm: p = 0.98—
0.995; Figure 2). In the linear arm they are analytically identical,
so agreement there is guaranteed by construction. This cluster is
only modestly related to causal effects. Importance faithfulness is
statistically reliable (pimp = 0.42-0.46, surviving every family-wise
correction we tried) but explains only about 18-21% of the variance
in feature effects, and directional faithfulness is near zero and non-
significant for all three methods. Practitioners should therefore not
treat agreement among attribution methods as evidence that they
identify causally important SAE features.

Attribution adds little over simple probe-based scores. The probe-
side controls show that SHAP importance does not beat a baseline
with no background: the product w;x; reaches pyyp, = 0.47, against
0.46 for mean |¢|. For direction, the raw probe weight (p = +0.31)
and w;x; (+0.35) both outperform the signed mean ® (—0.11). In
the linear arm, ® is anti-correlated with the probe’s own steering
response (p = —0.28 to —0.37), whereas w;x; reaches +0.95. The
directional failure is therefore attribution error relative to the probe,
produced by centering on a background mean, and does not require
any probe-LM mismatch. These results concern signed-mean ag-
gregation of background-centered attributions. They do not show
that all attribution designs fail.

Local versus global attribution depends on the regime. Local SHAP
ranks features by effect better than the global score only in one
setting: the MLP arm, with inactive features included (Block A,
gap +0.389, ¢ = 0.008). That result is fragile, since rescoring the
original candidate sets gives +0.222 (p = 0.054), and it largely
reflects local attribution knowing which features are active, because
ablating an inactive feature moves the logit by exactly zero. Among
active features (Block B), the point estimates favor the global score
(—0.305 linear, —0.213 MLP), though only the linear gap is nominally
significant and it does not survive correction. No directional gap
between local and global attribution is significant in either block.
We therefore find no evidence that local attribution is more faithful
than global attribution once feature activity is controlled, and we
do not recommend one over the other on the basis of these data.

Attribution does not recover changed features beyond feature ac-
tivity. In minimal pairs, the language model’s readout tracks the
known edit direction (sign accuracy 0.76—0.96), so the harness is
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sensitive. Attribution nonetheless does not identify the changed
features. Local SHAP is modestly above chance against random
distractors (AUROC 0.49-0.62), but an attribution-free baseline,
whether a feature is active at the edited last token, reaches 0.79-
0.85. Once distractors are activity-matched, local and global SHAP
fall below chance (0.37-0.49) in every seed. The one consistent pat-
tern is positional: appended insertion (AUROC 0.622) outperforms
interior insertion (0.492), positive in 4 of 4 seeds, which suggests
attribution read at the final token is more informative about edits
adjacent to it. Causal recovery among active candidates is positive
for both local and global SHAP (p = 0.11-0.38), but local SHAP’s
edge is absent or reversed except for appended insertion. We read
this as weak evidence that |attribution| tracks ablation effect, not
that attribution identifies the changed features.

The task is largely lexical. A full-vocabulary bag-of-words re-
gression reaches 0.794-0.806 held-out accuracy, within 0.03 of the
SAE probe (0.810; Table 17), and bag-of-words explains 0.39 of the
probe logit’s variance. SST-2 sentiment is thus largely recoverable
from word presence, which leaves interaction-aware attribution
little room to differ from simpler methods. This limits what these
experiments can show, and it means the near-identical behavior of
SHAP, IG, and GA may be partly a property of the task.

5.1 Limitations

Probe—LM confound. Attributions explain a trained probe over
SAE activations, while faithfulness is scored against the language
model’s logit difference. Our estimates combine attribution error
with any mismatch between what the probe encodes and what the
model uses. The probe-side controls separate the two only in the
linear arm, and the probe’s effect predicts the measured effect at
only p ~ 0.3-0.4, so the language-model test has limited resolution.

Method equivalence in the linear arm. SHAP, IG, and GA are
analytically identical for linear probes. The MLP arm is only weakly
nonlinear (linear fit to its logit R? = 0.99) and uses approximate
DeepSHAP, so it adds little beyond the linear control.

Limited scope. All results come from one model (GPT-2 Small),
one SAE and layer (layer 7), and one binary sentiment task (SST-
2). We make no claim that the patterns, including the local-global
comparison and the position effect in minimal pairs, hold elsewhere.

Statistical power and post hoc choices. Most per-seed k = 20
associations do not survive pooled correction, so inference rests
on the k = 114 run. The mean-|¢$| importance scoring was adopted
after the final results were seen, and the wider test families were
added post hoc. Significant effects should be read as suggestive.

Untested explanation. Our account of the global directional fail-
ure is supported by the linear-arm probe-side controls, but we
did not verify it in the MLP arm, which has no closed-form probe
response.

Steering as causal reference. Additive steering and ablation in
SAE space may move activations off-distribution, and the steering
strength o was calibrated against a different readout (a layer-11
probe) than the one used for evaluation. Intervention effects are a
causal reference, not ground truth. Only the minimal-pair edits have
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known ground truth, and they cover a narrow class of sentiment-
word changes.

5.2 Future Directions

The most informative next step is to separate attribution error from
probe—-model mismatch, either by attributing directly to the lan-
guage model’s logit difference or by intervening on the probe’s
output and comparing against the language model’s response. At-
tribution designs that avoid centering on a background mean, or
that are scored against a probe’s own response in the nonlinear case,
would test whether the directional failure is specific to signed-mean
aggregation. Because the decomposition-and-control methodology
is not specific to SHAP, it could be applied to other attribution
methods, models, layers, SAE architectures, and tasks that are less
lexically solvable than SST-2, with larger feature samples to im-
prove power. Finally, a broader set of edits with known ground
truth would test whether the position effect in minimal pairs is a
general property of attribution or specific to this setup.

6 Conclusion

We evaluated SHAP, Integrated Gradients, and GradientxInput on
SAE latent features in a probe-mediated pipeline, comparing their
attributions with the effects of feature ablation and steering on
the language model’s logit difference. In our GPT-2 Small, layer-7,
SST-2 setting, importance faithfulness was statistically significant
but modest and no better than a simple background-free baseline,
while directional faithfulness was near zero. Probe-side controls in
the linear arm traced the directional failure to centering attributions
on a background mean. Although the three methods agreed closely
with one another, this agreement did not imply correspondence
with causal effects. Local attribution outperformed global averag-
ing on importance only in the MLP arm when inactive features
were included; among active features, we found no advantage. In
minimal pairs with known ground truth, attribution did not iden-
tify changed features beyond what feature activity alone provided.
These findings show that, in this experimental setting, agreement
between attribution methods is insufficient evidence of causal faith-
fulness, and that importance and directional faithfulness can yield
different assessments of an attribution method. Practitioners should
therefore evaluate these properties separately and validate probe-
mediated attributions against interventions before using them to
make claims about model behavior. Because our design combines at-
tribution error with potential probe-model mismatch, future work
should separate these sources of error—for example, by comparing
attributions with interventions on the probe itself—and test the
robustness of these results across models, layers, and tasks.

7 Use of Al Tools

The authors used Claude Sonnet 5 and Opus 5 to assist with generat-
ing portions of the experimental code and with editing the paper’s
prose. The authors reviewed, tested, and verified all Al-assisted code
and text, and take full responsibility for the experiments, results,
and conclusions reported here.
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A Experimental Setup Details

A.1 Task and Dataset

The HuggingFace stanfordnlp/sst2 train set consists of phrases,
and a random split of it leaked sub-phrases across splits (83.8% of a
held-out sample were contiguous sub-phrases of a train phrase). We
therefore pool the sentence-level SST-2 release (6,920 / 872 / 1,821
sentences), drop exact duplicates, label-conflicted texts and any
sentence contained in another, and re-split 70/15/15 with a fixed
seed (Table 5). The split script aborts if any validation or held-out
text is a duplicate or sub-text of a train text; the final split has none.

Table 5: Data split sizes and purposes.

Split n
Probe train 6,696
Probe val 1,435
Held-out (“shap”) 1,436

Canonical row sampling. All evaluation and background rows
are prefixes of one seeded permutation (seed= 42), not independent
draws. The 100-row local sample is the first 100 rows of the 1000-
row global sample, so local and global results join by row position.

A.2 Model and Probes

GPT-2 Small and the layer-7 resid_post SAE are frozen through-
out. SAE decoder rows are approximately unit norm (median
0.9996), so we apply no decoder-norm correction to steering
vectors.

Linear probe. sklearnLogisticRegression with anL1 penalty
(C = 1, liblinear, fixed random_state) over the full 32,768-d
activation. It keeps ~600 non-zero coefficients, which seed the 114-
feature mask; the mask is a property of the reported run, not a fixed
constant.

MLP probe. sklearn MLPClassifier with one hidden layer of
width 32, ReLU activation, Adam, and L2 regularization, trained on
the 114 masked features only.

A3 Glossary

Table 6 defines the notation and shorthand used in the results.

B Attribution Method Details

Global SHAP.. Global importance is |¢T|j = Ee|¢;(x.)| over the
1000-row held-out sample, with every training row as the back-
ground (6,696 rows). For the linear probe ¢;(x) = w;(x; — p;)
with p the background mean, so mj = |wj| Eelxe,j — p1j] in closed
form (checked against LinearExplainer). For the MLP we run
DeepSHAP in chunks of 125 evaluation rows with additivity en-
forced. The signed mean ®; = E.[¢;(x.)] (100-row background) is
used wherever a direction is needed. Signed values cancel across
examples, so ® is not an importance score (Appendix C.5).
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Table 6: Glossary of notation and terms used in the results.

Term Meaning

¢j(x) Local SHAP value of feature j for example x: how much
the feature moves the probe output away from its ex-
pectation over a background set.

[pl; Global importance: E. |¢;(xc)|, the mean absolute
SHAP value over evaluation rows. Unsigned, so it sup-
plies importance but no direction.

of Signed global attribution: E¢[¢; (xe )], the mean SHAP
value over evaluation rows. Used wherever a direction
is needed.

Imp. (impor- Does |attribution| rank features by effect size |A|?

tance) Scored with Spearman pimp.

Dir. (direc- Does the signed attribution match the sign of the effect

tional) A? Scored with Spearman pgj;.

A Change in the language model’s logit difference,
¢(“wonderful”) — £(“awful”), after ablating or steering
a feature.

Block A Local-versus-global comparison over all candidate fea-
tures (top-20 local U top-20 global). Dominated by inac-
tive features, whose ablation effect is exactly zero.

Block B Same comparison restricted to active features (activa-
tion > 0). Our headline local-versus-global test, since it
removes the activity confound.

Integrated Gradients.

= b Lof b b)) d
IGj—(X'j— ])‘/0 a—xj( +a(x— )) a, (4)
approximated in the MLP arm with a 50-step trapezoidal Riemann
sum. IG and GA share the baseline b, the mean of the train back-
ground rather than a zero vector (100 rows for signed means; all
6,696 rows for importance, matching SHAP). SAE features are very
sparse, so a zero baseline would make GA degenerate to 0 when-
ever x; = 0. For the linear probe, IG, GA, and @ all reduce to
wj - Be[xej — pj], which we verify numerically (Appendix E.1).
Global importance for IG and GA is aggregated like SHAP, as

E.[IGj(xc)| and E.|GA;(x.)|. (5)

Scoring them as |E.[-]| while SHAP used E.| - | would confound
method with aggregation.

C Causal Evaluation Details
C.1 Steering-Strength («) Calibration

We sweep {0.5, 1, 2,4} x the median natural positive-activation scale
over three top-|SHAP| pilot features on 200 train examples, reading
out a layer-11 residual probe’s P(positive) rather than the evalua-
tion logit difference. « is a rough “measurable, unsaturated” magni-
tude, not a hyperparameter tuned against the evaluation metric. We
select the smallest @ with mean|AP| > 0.02 and newly saturated
fraction < 0.25, giving @ = 0.4936 (Table 7). This is the smallest
grid value, so the criterion does not bind. The mean signed shift
is negative at every « under this readout but positive under the
evaluation logit-difference readout on the same pilot, so the sign
reflects the readout mismatch and not the features’ effect on the
language model.
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Table 7: Raw a-calibration pilot sweep (probe-readout, 3
pilot features, 200 train examples).

a mean|AP| mean signed AP newly saturated frac.
0.4936 0.0490 —0.0301 0.028
0.9871 0.0961 —0.0571 0.085
1.9743 0.1791 —0.0981 0.182
3.9485 0.2969 —0.1422 0.368

Per-feature scaling. In the primary scaled mode,

a - scale;/median(scale), where scale; is feature i’s mean
positive train activation. This equalizes the relative nudge across
features. The constant mode (flat «, robustness check) confounds
the |attribution|-vs-|A| correlation, since |A| then partly reflects
how hard a feature was pushed relative to its own scale.

a; =

C.2 Candidate Selection

top selection takes the top-k by [SHAP| and scores all methods on
that set. This range-restricts only SHAP’s scored variance, which
mechanically deflates SHAP’s p relative to the other methods. all
scores every masked feature (n = 114). At n = 20 the confidence
interval on Spearman p spans most of [—1,1], so a single k = 20
random draw cannot distinguish a null from a moderate effect.

Provenance of the all analysis. The all selection was introduced
after an earlier analysis on a phrase-level split (later found to leak)
whose single k = 20 draw looked null for several tests, which is
outcome-dependent. We have since rebuilt the split at sentence
level and regenerated every number here. The all selection, the
BH family and its rule were fixed before this final analysis was
run, so the design was chosen on the earlier data and not on the
final results. The analysis is not fully confirmatory, however: the
global SHAP importance score was changed from the signed mean
® to mean |@| (with IG and GA aggregated to match) after the final
results had been seen, in response to review. Both versions are
reported (Appendix C.5); the directional results, which use ®, are
unchanged, but the mean-|¢| importance results should be read as
post hoc. All k = 20 results are reported (Table 16, and the seed
sweep below). We treat all as the inferential run because it uses
the whole filtered pool with no sampling; the final k = 20 draw
agrees with it.

C.3 Multiple-Comparison Correction

Family rule. We apply Benjamini-Hochberg (BH, FDR 0.05) with
the following primary family: the tests of one all run (one arm, one
intervention scope; 8 linear, 7 MLP), and, for local faithfulness, the
four crossed-bootstrap tests (Block A/B X importance/directional)
of one local run. The per-run rule was specified before the final
analysis, but after the initial analysis had been examined. The wider
families below are post hoc; we report them to show whether any
verdict depends on the choice of family.

Duplicate tests. In the linear arm IG and GA have identical (p, p)
by construction, as do their directional and importance tests, so the
8 linear tests per run are 4 distinct ones. Counting them separately
inflates survivors and, when pooled, BH power, so the sensitivity
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analysis counts identical tests once (22 distinct global tests; raw
16/30).

Sensitivity to the family. Counts are recomputed from the per-
test p-values of every inferential test in the paper under each family
definition. The paper-wide family has 30 tests: the 22 distinct global

Table 8: Tests surviving FDR 0.05 under alternative family
definitions. BY is Benjamini-Yekutieli (arbitrary
dependence).

Family BH BY

Global, per run (primary) 12/22 12/22
Global, pooled over arms, scopes, or both 12/22  12/22
Global, raw (SHAP/IG/GA counted separately) 16/30  16/30
Paper-wide, per run / per local source (primary) 13/30  13/30
Paper-wide, global and local pooled separately 13/30  13/30
Paper-wide, one family of all inferential tests 13/30  13/30

tests and the 8 local crossed-bootstrap tests. The sign tests, minimal-
pair summaries, seed sweep and language-model diagnostic carry
no independent inferential claim and are excluded.

No verdict depends on the family: the same 12 global tests and
one local test survive under BH and BY in every definition. The
local test is the MLP-arm Block A importance gap. Importance
faithfulness of SHAP, IG and GA survives all families (except MLP
probe saliency), no directional test of SHAP, IG or GA has g < 0.25
in any, and no Block B or linear-arm local test survives. A test that
fails the FDR criterion is not evidence that its effect is zero.

Dependence. The two scopes share features and eval rows, and
the local runs share sentences, so the tests are not independent. BH
assumes positive dependence, which we do not verify; BY does not.

Seed sweep. The multi-seed sweep uses a different convention.
Its 10 seeds X 8 (linear) or 7 (MLP) per-seed tests each use n = 20
features that overlap across seeds, so the pooled BH count over
them (39 distinct linear tests, 70 MLP) is descriptive only.

C.4 Local Faithfulness

Local analyses use kiocal = Kglobal = 20 and nexamples = 100
in both arms. A separate script (local_shap_faithfulness)
re-implements the MLP-arm analysis against the language model
on the same sentences and reproduces the means to within 0.001;
it is a replication check, not an independent test.

C.5 Global Baseline Sensitivity

Table 9 compares mean |¢| with the signed mean ® and shows how
both depend on the background; Table 10 shows the effect of the
choice on the local-versus-global gap. Global-faithfulness values
rescore the saved intervention effects, so they are exact. IG and GA
follow SHAP: their signed means give the ® columns (lower in the
MLP arm, 0.32-0.44 last-token), and mean | - | gives the mean-|¢|
columns.

The Block A MLP gap depends on the candidate sets. The table
above rebuilds them from the mean-|¢| top-20 and reruns the inter-
ventions. Rescoring the original candidate sets (built from signed
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Table 9: Global faithfulness (Spearman p, k = 114 steering)
for the signed mean ® and mean |¢$| under different
backgrounds. “Boot.” gives the 95% range over bootstrapped
100-row backgrounds (500 draws linear, 40 MLP). The
directional score for mean || is undefined (unsigned).

Arm, scope ®imp. ®dir. |¢] imp., 100-row |¢| imp., full @ imp., boot. [¢] imp., boot.
Linear, all-token  +0.377 —0.097 +0.437 +0.430 [+0.20, +0.42] [+0.41, +0.45]
Linear, last-token +0.303 —0.108 +0.461 +0.455 [+0.21, +0.44] [+0.43, +0.47]
MLP, all-token +0.347 —0.091 +0.487 +0.476 [+0.23, +0.43] [+0.46, +0.50]
MLP, last-token ~ +0.233 —0.105 +0.452 +0.425 [+0.13, +0.39] [+0.41, +0.45]

Directional p of ® under other backgrounds

Linear, all-token  full training set —0.058; bootstrap —0.03 [-0.21, +0.17]
Linear, last-token full training set —0.153; bootstrap —0.05 [-0.24, +0.17]
MLP, all-token 3,000 rows —0.101; bootstrap —0.04 [—0.18, +0.12]
MLP, last-token 3,000 rows —0.123; bootstrap —0.05 [—0.21, +0.11]

Table 10: Local-minus-global importance gap (n = 100
sentences, ablation) with the earlier signed-® global baseline
and with mean |¢| (used in the paper; candidate sets rebuilt
from its top-20 and the interventions rerun).
Crossed-bootstrap p, uncorrected.

Arm  Block Signed ® gap (p) Mean || gap (p)
Linear A, importance  +0.294 (0.064) +0.161 (0.206)
Linear B, importance  —0.305 (0.104) —0.305 (0.036)
MLP A, importance  +0.396 (0.024) +0.389 (0.002)
MLP B, importance = —0.310 (0.216) —0.213 (0.290)

®) with mean |¢| and a 100-row background instead gives +0.144
(p = 0.132, linear) and +0.222 (p = 0.054, MLP) in Block A, so the
one local result that survives correction is sensitive to this choice.

C.6 Probe-Side Controls

Linear arm, k = 114 steering. P; = w;a; is the probe’s own response
to steering feature j (exact under last-token steering, direct-only
under all-token), and D; is the measured logit-difference effect.
“Class-matched” uses a background whose class mix equals the eval-
uation rows (51.5% positive). wx is E.[w;x,;] with no background.
Intervals resample the 114 features and are descriptive.

Table 11: Spearman p of each score against the probe’s own
steering effect P (no language model) and against the

measured effect D, last- and all-token. Dir. = signed, imp. =
magnitude; the unsigned mean |¢$| has no directional score.

vs. P vs. D, last-token vs. D, all-token
Score dir.  imp. dir. imp, dir. imp.
@, 100-row batkgrnund —0.28 +0.76 =0.11 +0.30 =0.10 +0.38
@, full training set -0.37 +0.78 —=0.15 +0.39 =0.06 +0.37
®, class-matched —0.37 +0.78 =0.15 +0.39 —0.06 +0.37
wx (no backgrnund) +0.95 +0.81 +0.35 +0.47 +0.41 +0.44

+0.27 +0.40
+0.46 -

+0.29
+0.43

+0.95 +0.31
+0.89 -

Probe weight w +0.99
Mean ||, full set -

Pitself (probe > LM) - -

+0.31 [+0.10, +0.49] +0.40 [+0.23, +0.55] +0.39 [+0.20, +0.56] +0.38 [+0.20, +0.54]

Matching the class mix leaves the sign agreement of ® with the
weight essentially unchanged (43.0% of the pool against 46.5% for
the canonical background), as expected since the evaluation and
training sets are balanced to within 0.1 points. Over 500 random 100-
row backgrounds, with or without stratification to the evaluation
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class mix, directional p against D is centred near zero (about —0.05,
range roughly [—0.26, +0.17]).

Ablating all 114 features gives the same picture: the probe’s abla-
tion effect —E, [wx. ;] predicts the measured effect with directional
p ~ +0.34 in both scopes, and the raw weight (+0.29 to +0.31) beats
® (negative). The directional gap between the raw weight and ®
(100-row background) is +0.41 [+0.09, +0.72] last-token and +0.50
[+0.17, +0.79] all-token under steering, and similar under abla-
tion (5,000 paired feature resamples). The earlier k = 20 ablation
estimate (+0.70, n = 20) was a small-sample overestimate and is su-
perseded. The probe-to-LM correlation is not a strict ceiling: scores
such as wx and mean |¢| also use the activation distribution and
can exceed it.

D Minimal-Pair Stimuli

remove pairs take held-out sentences containing exactly one word
from a hand-curated sentiment lexicon and delete it, leaving the
rest byte-identical (with two sentiment words, the edit would no
longer have a single cause). insert pairs append “ it was (word) ”
to lexicon-free sentences. substitute pairs swap the lexicon word
for a random word of opposite polarity. insert-interior pairs
place “it was (word),” at the midpoint of a lexicon-free sentence, so
the final token and its context are unchanged. The type/position
confound thus concerns distance from the final token, not a replaced
token. Pools hold 411-886 pairs per edit, from which 100 are drawn.

Changed-feature threshold. A candidate counts as changed if
|Aaj| > 0.10 max; |Ag;| within the pair. Local-SHAP AUROC is
stable across relative thresholds 0.05-0.50 for insertion (0.62-0.68)
but not for removal (0.55 at 0.10, 0.40 at 0.50). A threshold-free
per-pair Spearman of |score| against |Aa| gives local SHAP 0.04
(removal) and 0.26 (insertion), against 0.57 and 0.67 for activation
magnitude at the edited last token.

Readout noise floor. Null edits (a neutral word deleted or ap-
pended) give a median |A| of 0.14 (removal-type) and 0.23 (insertion-
type) logits, against mean effects of 0.28 and 0.77. Restricting to
pairs above the null 90th percentile raises sign accuracy (0.85 re-
moval, 0.94 insertion) and leaves AUROC and p within 0.06 of the
full-sample values, with the same method ordering.

Seeds. Seeds 0-3 redraw pairs and distractors from the same pool,
so they overlap and are descriptive. Local-SHAP AUROC varies
by at most 0.03 (SD) per edit, and no SHAP run exceeds 0.5 under
activity-matched distractors.

E Supplementary Tables and Figures

E.1 Linear-Arm Identity Check and MLP-Arm
Exact p-Values

Closed-form identity check (linear probe, margin tar-
get): max |IG — ®| = max |GA — ®| = 1.72 x 107" IG,
GA and signed-mean SHAP @ coincide analytically
for a linear probe, giving pairwise p = 1.000 (n = 615
non-zero-coefficient features) as an identity, not an
empirical result. The identity also holds under mean-
| - | aggregation, where the probe weights correlate
with all three at p = 0.39. Aggregating IG and GA
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as |signed mean| against mean-|¢| SHAP would give
only p = 0.81, an aggregation effect and not a differ-
ence between methods.

Table 12: MLP-arm attribution agreement (Spearman p on
|score|, n = 114; SHAP, IG and GA are all mean | - | against
the full training set).

Pair p p
Probe vs. IG 0.336  0.0003
Probe vs. SHAP 0.334 0.0003
Probe vs. GA 0.314 0.0007
IG vs. SHAP 0.995 < 0.0001
IG vs. GA 0.980 < 0.0001
SHAP vs. GA 0.984 < 0.0001

E.2 Selection-Bias and Sign-Stratified Checks

Table 13: SHAP faithfulness across candidate-selection
strategies (steering), k = 20 except all (k = 114). top biases
SHAP’s p downward relative to other methods;
top-pos/top-neg test the sign-inversion hypothesis without
mixed-sign cancellation.

Arm:kind  random top top-pos top-neg all (k=114)
Linear : imp +0.636™" +0.496"  +0.293 +0.397 +0.430""
Linear : dir —-0.077 —0.083  +0.268 —0.226 —0.097
MLP : imp +0.747"*  +0.107  +0.322  +0.648™  +0.476™"
MLP : dir —-0.147 —0.161  +0.168 —0.376 —0.091

*p < 0.05, " p < 0.01, uncorrected; all other cells p > 0.08. Importance for random
and all is mean |¢| (full training background). The top, top-pos, and top-neg sets
are chosen by signed ® and keep it as the score: scoring a ®-selected set with a
different score would remove the range restriction they test. With signed ® the
random and all cells are +0.555 and +0.377 (linear) and +0.744 and +0.347 (MLP).

E.3 Alpha-Mode Robustness (Scaled vs.
Constant)

Table 14: Alpha-mode sensitivity: scaled vs. constant
per-feature « (steering, random selection, k = 20).

Arm Method Pimp (scaled / constant)  pgir (scaled / constant)
Linear SHAP/IG/GA +0.636 / +0.290 —0.077 / +0.072
Linear Probe +0.519 / +0.226 +0.624 / +0.567
MLP SHAP +0.747 / +0.486 —0.147 / —0.011
MLP 1G +0.764 / +0.508 —0.146 / +0.000
MLP GA +0.707 / +0.406 —0.171/ —0.032
MLP  Probe saliency +0.400 / +0.365 n/a

Constant-a importance is markedly lower, consistent with its
numbers partly reflecting activation scale; we report both modes.
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E.4 Multi-Seed Replication

The sweep is descriptive. Seeds draw overlapping subsets of one
114-feature pool and reuse the same per-feature effects, so they
are not independent replicates; inference comes from the all run
(Appendix C.2). Each per-seed test uses only n = 20 features, and
most do not survive a pooled BH correction (8/39 distinct linear
tests, 3/70 MLP). Mean importance p is positive in every method-
arm cell and SHAP, IG and GA directional p is centred near zero,
matching the all run.

Table 15: Multi-seed faithfulness sweep (10 seeds, k = 20,
scaled a). Descriptive only. Ref p is the fraction of seeds
with |p| at least that of the published seed-0 draw.

Method Type Mean p SD Min Max Frac. >0 Refp
Linear arm

SHAP/IG/GA  imp +0.355 0.282 —0.260 +0.636 0.90 0.100
SHAP/IG/GA  dir —0.047 0.160 —0.356 +0.141 0.50 0.700
Probe imp +0.236 0.268 —0.260 +0.582 0.80 0.200
Probe dir +0.422 0.162 +0.162 +0.624 1.00 0.100
MLP arm

SHAP imp +0.383 0.262 —0.171 +0.747 0.90 0.100
SHAP dir —0.005 0.191 -0.377 +0.202 0.50 0.700
1G imp +0.410 0.266 —0.159 +0.764 0.90 0.100
GA imp +0.405 0.232 -0.062 +0.707 0.90 0.100

Imp: importance; dir: directional. Pooled BH (descriptive): 8/39 distinct tests survive
(linear), 3/70 (MLP), at FDR 0.05.

E.5 Single-draw k = 20 causal validation results

Continuous (partial-Spearman) activity control. We compute a
partial Spearman of |attribution| vs. |A| controlling continuously
for |activation| (rather than the binary active/inactive split of Block
B), keeping the whole candidate set. Local SHAP’s mean partial p
is near zero (—0.002 linear, +0.096 MLP), versus —0.144 and —0.117
for the global score.

E.6 Lexical Simplicity Control

This analysis uses the full 1,436-row held-out split, not the 1000-row
canonical eval sample used elsewhere.

The best validation-selected bag-of-words (TF-IDF) is within
0.03 accuracy of the probe, so by our pre-fixed rule the probe is no
better than word presence on this split. On average 24.3 filtered
features are active per example, with mean pairwise Jaccard of the
top-20 features 0.223.

Word-detector tests. Held-out R? of a ridge regression from bag-
of-words to feature activation has median 0.171 for the top-20 |®|
features with full vocabulary (0.106 for the other masked features)
and 0.003 with the lexicon only; four of the top 20 reach R? > 0.25.
Full bag-of-words explains 0.389 of the probe logit’s variance (0.148
with the lexicon only), a lower bound on reducibility given the
linear fit. Lexicon correlations are small for the top-20 features
(mean |r| < 0.07, including for lexicon words in the last three
tokens), and sign-agreement of ® with the net lexicon score is near
zero (—0.006). The lexicon explains almost none of any feature’s
variance, so the earlier lexicon-presence test could not have revealed
word-detection.
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Table 16: Single-draw causal faithfulness (k = 20, steering
and ablation, random selection, ney, = 1000). Cells show
Spearman p with uncorrected p in parentheses; at n = 20
these are descriptive and not used for inference. For the
linear arm, SHAP, IG and GA are analytically identical and
listed once. SHAP, IG and GA importance are mean absolute
attribution; direction is the signed mean (¢ for SHAP).

Method

Pimp (P) Pdir (p)

Linear arm, steering
SHAP/IG/GA +0.636 (0.003)
Probe +0.519 (0.019)

—0.077 (0.748)
+0.624 (0.003)

Linear arm, ablation
SHAP/IG/GA  +0.535 (0.015)
Probe +0.347 (0.133)

—0.427 (0.060)
+0.648 (0.002)

MLP arm, steering

SHAP +0.747 (0.0002)  —0.147 (0.535)
Probe saliency ~ +0.400 (0.081) n/a

IG +0.764 (0.0001)  —0.146 (0.540)
GA +0.707 (0.0005)  —0.171 (0.470)

MLP arm, ablation

SHAP +0.525 (0.018)  —0.408 (0.075)
Probe saliency  +0.281 (0.230) n/a

IG +0.513 (0.021)  —0.421 (0.065)
GA +0.552(0.012)  —0.453 (0.045)

Table 17: Lexical simplicity control (held-out, n = 1,436).
Models are fit on train with regularisation chosen on
validation. Diff. is probe minus baseline accuracy with a
paired-bootstrap 95% interval; p is McNemar.

Model
SAE probe (held-out)

Features Diff. [95% CI] P

0.810 - -

Accuracy

114 masked / 32768

Lexicon-count LR 158 0.611 +0.198 [+0.166, +0.229] < 1073
Unigram BoW LR (binary) 13,605 0.794 +0.016 [—0.010, +0.041] 0.26
Unigram+bigram BoW LR 79,812 0.800 +0.010 [—0.015, +0.034] 0.49
TF-IDF unigram+bigram LR 79,812 0.806 +0.003 [—0.022, +0.028] 0.83
Dense layer-7 residual LR 768 0.870 —0.060 [-0.080, —0.040] <1078

E.7 All-token global faithfulness

Table 18: All-token global faithfulness (k = 114, steering, all
filtered features). Cells show Spearman p with BH-corrected
q in parentheses.

Arm  Method Pimp () pdir (9)
Linear SHAP/IG/GA  +0.430 (<0.0001)*  —0.097 (0.303)
Linear Probe +0.289 (0.003)*  +0.399 (0.0001)*
MLP  SHAP +0.476 (<0.0001)*  —0.091 (0.473)
MLP Probe saliency +0.122 (0.343) n/a

MLP  IG +0.483 (<0.0001)*  —0.058 (0.630)
MLP  GA +0.500 (<0.0001)*  —0.015 (0.875)

* Survives FDR 0.05. Linear arm: 5/8 tests survive (SHAP, IG and GA counted
separately; 3/4 distinct); MLP arm: 3/7. The same tests survive when BH is pooled
over all 30 tests (both arms, both intervention scopes).
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F Additional Limitations

(1) Attribution error and probe-LM mismatch are only
partly separable. The probe-side controls (Appendix C.6)
identify the signed-® directional failure as attribution error,
but they exist only for the linear arm, where the probe’s
response is closed form. The probe’s steering effect predicts
the language-model effect at p ~ 0.3-0.4, so a faithfulness p
in that range cannot distinguish a faithful attribution from a
partly faithful one, and we make no claim about unfaithful-
ness to the language model beyond it.

(2) We calibrate o against a different readout than we eval-
uate it with (Appendix C.1). We use a layer-11 residual
probe’s P(positive) at calibration time, and a GPT-2 logit
difference at evaluation time.

(3) The MLP arm’s probe saliency score is magnitude-only

(W1 [, :]1l2, no sign). This is valid for importance/ranking

comparisons, invalid for any directional or causal-sign com-

parison.

top selection biases SHAP’s faithfulness p downward

relative to the other three methods, by range-restricting only

SHAP’s scored variance (Appendix C.2). We never present a

top number without this caveat.

The MLP arm is only weakly nonlinear and its attribu-

tions are approximate. A linear fit to the MLP logit has

R? = 0.99 on the evaluation rows, and IG, GA and SHAP

agree at p = 0.98-0.995, so this arm adds little beyond the

linear control. DeepSHAP approximates Shapley values.

(6) The MLP probe’s reported validation accuracy is mildly
optimistic: we select its inputs using a val-derived (label-
free) frequency filter.
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