
Interpreting Character-Level Transformers for Addition
and Multiplication Through Integrated Gradients

Abhinav Damera
Northern Burlington County Regional High School

New Jersey, USA
27damera@nburlington.com

Abstract
Transformer models have demonstrated strong performance across
a variety of reasoning tasks. However, understanding how these
models perform arithmetic reasoning remains an open challenge.
This study focuses on investigating the factors that influence arith-
metic performance and the interpretability of character-level trans-
former models. These models were trained on increasingly com-
plex tasks including one-digit arithmetic, two-digit arithmetic, and
natural language prompts containing arithmetic expressions em-
bedded within them. Model performance was evaluated by exam-
ining the effects of altering training iterations, dataset size, and
model configurations. In order to account for training variability,
representative two-digit configurations were trained using five
independent random seeds and evaluated using a standardized
prompt-level procedure. In order to perform the interpretability
analysis, Integrated Gradients was utilized to calculate token-level
attribution for each input token across zero embedding and mean
embedding baselines. The results show that model performance
generally improved as training iterations, dataset size, and model
configurations increased. Additionally, expanding the character
vocabulary allowed the model to process natural language prompts
containing arithmetic expressions while generally assigning lower
attribution scores to contextual letters and whitespace than for
arithmetic tokens. The findings show that the character-level trans-
former models achieved high accuracy on arithmetic expressions
embedded within natural language, while attribution scores were
generally higher for arithmetic tokens than for contextual letters
and whitespace. This study examines factors associated with the
performance of character-level transformer models and provides
interpretability evidence of the internal features that contribute to
model predictions.
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1 Introduction
Transformer-based models have become crucial in artificial intelli-
gence in the past decade [2, 10, 15]. These machine learning models
have the ability to solve simple tasks such as language genera-
tion or even more complex operations involving deep learning and
reasoning abilities [2, 10, 16]. Although they are effective, these
models often operate as black boxes, making it hard for users to
understand what is truly happening behind the scenes. It has be-
come increasingly important to interpret the reasoning of these
models because this lack of transparency poses a challenge when
attempting to determine which specific parts of an input contribute
most to model outputs. Additionally, increased transparency may
help determine whether successful predictions are due to meaning-
ful representations or other patterns that may form during model
training.

As artificial intelligence becomes increasingly embedded within
everyday life, understanding the specific reasoning behind model
predictions has become a significant problem. Interpretability meth-
ods are useful for addressing this issue, as they allow users to in-
vestigate the level of influence each feature and input has on the
model’s final prediction [8, 11, 13]. These methods can improve
transparency and trust in the system by providing insight into
the model behavior. Specifically, this is significant when models
produce correct or incorrect outputs and do not provide explicit
explanations demonstrating how the predictions were made. Token-
level attribution shows the influence of each specific input token
in an input sequence on model outputs.

Studying interpretability on large-scale language models is diffi-
cult due to their architectural complexity, size, and the wide range
of information contained within natural language prompts. Arith-
metic problems could be used to test interpretability as they provide
more controlled environments. Furthermore, utilizing arithmetic
can be used to quantitatively and objectively understand model
behavior by examining the model’s output. This allows us to distin-
guish the impact of different pieces of each prompt. Beginning with
single digit arithmetic and progressively increasing task complexity
provides a controlled framework for evaluation and allows us to
understand how the model performs against increasingly difficult
tasks. Furthermore, embedding arithmetic within natural language
prompts can be useful in determining how the model identifies rel-
evant numerical information among the unrelated textual context.

Previous studies have focused on transformer reasoning and
interpretability methods for understanding neural network pre-
dictions. However, little research has been done on token-level
attribution in controlled arithmetic tasks while evaluating how
training conditions and model architecture affect numerical pre-
dictions. By combining quantitative performance evaluation with
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token-level attribution, researchers can understand how models
produce successful predictions and what input portions influence
those predictions.

This study focuses on small character-level transformer mod-
els rather than large-scale language models. Therefore, the results
should be interpreted as evidence about transformer behavior in
this controlled setting rather than as a direct characterization of
arithmetic reasoning in frontier-scale language models. The mod-
els are trained on one-digit and two-digit arithmetic operations,
allowing individual variables and tokens to be examined systemati-
cally, and are evaluated quantitatively. The models are evaluated
on the number of training iterations, dataset size, and model capac-
ity. Finally, the model’s reasoning behavior is evaluated through
Integrated Gradients. The results show how transformer architec-
ture influences performance and provide insight into input features
associated with predictions.

2 Related Work
Modernmachine learningmodels have increasingly relied on transformer-
based architectures due to their ability to use self-attention mech-
anisms, allowing each individual token to use information from
other tokens in the input sequence, rather than recurrent com-
putations [2, 10, 15]. The attention operation computes weighted
combinations of value vectors based on query-key similarity:

𝐴𝑡𝑡𝑒𝑛𝑡𝑖𝑜𝑛(𝑄,𝐾,𝑉 ) = softmax
(︃
𝑄𝐾𝑇

√
𝑑𝑘

)︃
𝑉 (1)

where 𝑄 represents the query, 𝐾 represents the key, and 𝑉 repre-
sents the value. Subsequent autoregressive transformer models fur-
ther demonstrate that large language models can perform increas-
ingly sophisticated reasoning tasks, including arithmetic through
next-token prediction [2, 10, 16].

Recent research has focused on understanding the ability of
transformer models to perform arithmetic reasoning. These works
suggest that language models are able to learn numerical patterns
from training data even if they were not explicitly designed for
symbolic computation [9, 12, 14]. However, these studies often lack
insight into the mechanisms that lead to success in transformer
models when completing operations as they primarily focus on
predictive performance.

A major challenge as transformer models become more complex
is understanding their reasoning for each output they produce. Ex-
plainable AI methods such as LIME and SHAP aim to address this
issue by identifying features and inputs that influence model pre-
dictions [8, 11]. These interpretability techniques focus on utilizing
local approximations and feature contribution analysis. Integrated
Gradients, a gradient based attribution method, has become widely
adopted because it satisfies properties such as Sensitivity and Imple-
mentation Invariance [13]. Integrated Gradients creates attribution
scores for each input token, making it a useful attribution-based
method as it does not rely fully on a single token. Although In-
tegrated Gradients has become widely used, few studies have fo-
cused on utilizing it to understand arithmetic reasoning behavior
in transformer-based language models.

Recent studies have examined attention distributions, neuron
activations, and feature attribution techniques to better understand

transformer reasoning [1, 3, 4]. This study focuses on addressing
these gaps by using quantitative evaluation methods on increas-
ingly difficult arithmetic tasks and then using Integrated Gradients
to perform an interpretability analysis on the final natural language
processing model to demonstrate how token-level attribution re-
lates to arithmetic reasoning.

3 Methodology
During model training and evaluation, datasets were distributed
with an equal number of multiplication and addition expressions.
Additionally, positive numbers were used throughout all experi-
ments. In order to investigate arithmetic reasoning in transformer
models, three datasets were created that progressively becamemore
complex. The first dataset consisted of one-digit multiplication and
addition expressions, ranging from 0 to 9, to evaluate whether a
character-level transformer could learn basic arithmetic relation-
ships. The second dataset consisted of two-digit multiplication and
addition expressions, ranging from 10 to 99. In order to success-
fully complete two-digit operations, the model had to learn more
nuanced relationships between numerical values. These nuances
include carrying operations in addition and multi-digit computa-
tion in multiplication. The increased numerical complexity allowed
for the evaluation of the model’s ability to scale beyond simple
arithmetic tasks. The last dataset further increased in complexity.
The numerical values still ranged from 10 to 99 similar to the second
dataset. However, this dataset included natural language embedded
with arithmetic operations. The natural language prompts were
originally constructed manually and tested one by one. Eventually,
three different 1,000-prompt test sets (one for the one-digit model,
one for the two-digit model, and one for the natural languagemodel)
were generated separately and used to evaluate each model’s perfor-
mance. These evaluation prompts were kept fixed across repeated
runs of the same configuration so that models trained with differ-
ent random seeds were evaluated under identical conditions. This
helped solidify our findings by expanding the range of linguistic
contexts and reducing dependency on manually selected exam-
ples. The natural language characters served as irrelevant linguistic
context to test whether the model would still perform arithmetic
operations while ignoring unrelated information.

Each dataset was generated using custom Python scripts. Each
of them was converted into the binary training format required
by nanoGPT. Separate training and validation splits were prepared
for each dataset using a 90/10 split. The model was trained on
the training portion while it used the validation portion to moni-
tor model performance during training. After training, the model
was evaluated using the fixed 1,000-prompt test set to measure its
performance.

The evaluation prompts consisted of the same numerical ranges
as the corresponding training datasets. Specific operand combina-
tions were not deliberately held out from the training data. Rather,
the evaluation prompts were generated separately from the same
numerical ranges.

The model used character-level tokenization where each indi-
vidual character (letters, digits, operators, punctuation) was rep-
resented by a unique token. The model produces the probability
distribution of the next token given the preceding sequence:
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𝑃 (𝑥𝑡 | 𝑥1, 𝑥2, . . . , 𝑥𝑡−1) = softmax(𝑊ℎ𝑡 + 𝑏) (2)
where 𝑥𝑡 represents the predicted token, ℎ𝑡 is the hidden repre-
sentation, while𝑊 and 𝑏 are output parameters. This allowed the
model to perform arithmetic operations even with natural language
prompts embedded under one unified vocabulary. Transformer
configurations were modified in order to test model scaling. Each
experiment varied in the number of transformer layers, attention
heads, and embedding dimensions. However, the model maintained
its overall architecture throughout all experiments. A checkpoint
was saved for each experiment to allow consistent comparison
across models.

Models were trained independently on each dataset using su-
pervised character prediction. Cross-entropy loss was minimized
between the predicted and target token distributions:

𝐿 = − 1
𝑁

𝑁∑︁
𝑖=1

𝑦𝑖 log(𝑦𝑖 ) (3)

where 𝑦𝑖 represents the target token distribution and 𝑦𝑖 represents
the predicted probability distribution. The AdamW optimizer was
used during training with learning rate warmup and cosine learning
rate decay following the nanoGPT framework [7]. Unless specified
by the experiment, models were trained for 20,000 iterations using
a batch size of 64, a block size of 32, a learning rate of 1 × 10−3,
and a dropout rate of 0.2. During the model scaling experiment, the
model depth, number of attention heads, and embedding dimen-
sion were varied while the remaining model parameters were held
constant. Training and validation loss were observed during each
experiment. Larger model configurations were tested in order to
understand whether increasing model capacity improves arithmetic
performance. The final and most advanced model, consisting of
natural language, used the largest architecture and was used to
perform the interpretability analysis.

The performance of each model was evaluated quantitatively
using prompt-based inference. The evaluation involved introduc-
ing a fixed set of arithmetic expressions to each model based on
the model’s configurations. Arithmetic problems in the test set did
not contain the answers to each problem. The model’s predictions
were compared against the correct arithmetic answers. The number
of correctly solved problems was divided by the total number of
prompts in the test set to produce the accuracy. Every prompt con-
tributed to the model’s accuracy. The same procedure was utilized
for all experiments and random seeds.

The natural language model also focused on solving arithmetic
expressions correctly while the prompts involved distractor letters
and numbers. Multiple prompt styles were tested with the model,
including both two-digit multiplication and addition, so that robust-
ness across different arithmetic tasks and sentence contexts could
be tested. The model was evaluated using the same prompt-level
procedure.

To account for variability of random initialization and training,
representative configurations were trained using five independent
random seeds. The accuracy for these configurations is presented
as the mean and standard deviation across each of the five runs. The
repeated seed evaluation was used for the two-digit model when
testing the 5,000 example and 20,000 example dataset as well as the

expanded two-digit model that trained on the same 20,000 example
dataset. The natural language model utilized the expanded model
architecture and the same 20,000 example dataset. This model and
the subsequent Integrated Gradients analysis was conducted using
a single trained model rather than multiple random seeds.

In order to understand which input tokens were associated with
the model’s predictions, Integrated Gradients (IG) from the Captum
library [6] was utilized to complete interpretability experiments:

𝐼𝐺𝑖 (𝑥) = (𝑥𝑖 − 𝑥 ′𝑖 )
∫ 1

0

𝜕𝐹 (𝑥 ′ + 𝛼 (𝑥 − 𝑥 ′))
𝜕𝑥𝑖

𝑑𝛼 (4)

where 𝑥 represents the original input embeddings, 𝑥 ′ represents
the baseline embeddings, 𝐹 (𝑥) represents the logit corresponding
to the model’s predicted next token, and 𝑖 is the input token being
analyzed. Integrated Gradients computes attribution scores by ac-
cumulating gradients along a continuous path between a baseline
input and the observed input. During the interpretability analysis,
100 integration steps were used to compute attribution scores for
all 1,000 prompts in the natural language test set. Two different
baseline configurations were utilized: a zero embedding baseline
and a mean embedding baseline. For each prompt, the target was
the model’s highest-probability next-token prediction at the final
input position. A single attribution value was obtained for each
input token by summing attribution values across the embedding
dimensions. The resulting scores were aggregated by token cate-
gory: digits, operators, letters, punctuation, and whitespace. This
was done to examine whether the observed attribution patterns
were consistent across the evaluation set. Larger positive attribu-
tion scores suggest a greater influence on the overall prediction.
The resulting attribution scores were used to determine whether
the transformer mostly relied on the arithmetic tokens (digits and
operators) or whether the unrelated natural language influenced
predictions more heavily. This analysis provided an additional in-
sight on the input features associated with the model’s predictions
beyond traditional prediction accuracy metrics.

4 Experimental Evaluation
The experimental evaluation was structured such that each exper-
iment progressively increased in complexity. We first establish a
baseline for the arithmetic performance before testing the effect
of training iterations, numerical complexity, dataset size, model
capacity, and additional contextual information. In the end, the
interpretability analysis is performed where we analyze the token-
level attribution of the model by utilizing Integrated Gradients. In
all, these experiments not only test the effect of increasing com-
plexity on the model’s output, but also identify whether relevant
information influences predictions and to what extent the linguistic
context impacts these predictions.

4.1 Experiment 1: Baseline Arithmetic
Evaluation

The first experiments were created to test whether transformer-
based models could learn to perform arithmetic operations by
learning arithmetic relationships through supervised training. A
synthetic dataset, containing around 20,000 examples including
one-digit arithmetic multiplication and addition expressions, was
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created using a custom Python script. Additionally, these examples
contained the actual answers to the problems for model training
while the prompts did not contain correct outputs during evalu-
ation. There was an equal amount of addition and multiplication
examples. The model was set up with 1 layer, 1 attention head, an
embedding dimension of 120, dropout rate of 0.2, batch size of 64,
and a block size of 32. The training hardware which was used was
a CPU.

Figure 1: Accuracy improvement of the single-digit baseline
arithmetic model with increasing training iterations.

Table 1: Single-digit baseline arithmetic model performance
across training iterations.

Trial Training Iterations Accuracy (%)
1 1,000 14.51
2 5,000 69.50
3 10,000 99.50
4 15,000 99.00
5 20,000 99.20

The effect of increasing training iterations on model accuracy is
shown in Figure 1 and Table 1. The results in Table 1 are from a sin-
gle training run and therefore do not quantify variability across ran-
dom seeds. The model was trained using supervised next-character
prediction. The objective of the model was to predict the next
character in an arithmetic expression. The model’s performance
was evaluated using arithmetic prompts to verify that the network
generated the right numerical outputs. Addition and multiplica-
tion problems were evaluated together. These initial experiments
established the proof of concept that the model was capable of
learning simple arithmetic operations. It allowed us to see whether
changes to the model had to be made to allow for it to be able to
process arithmetic prompts before moving onto the more rigorous
evaluations.

The initial model was adjusted to test the effect of altering the
number of training iterations to see if that led to improved accu-
racy. Model checkpoints were evaluated throughout the training
process to determine how the additional optimization impacted

performance. Due to the usage of a CPU over a GPU, training took
longer than expected. We noticed as we increased the number of
training iterations, the training time substantially increased. Specif-
ically, when the number of iterations was set to 1,000, the training
time was less than 15 minutes. However, when the number of it-
erations was set to 20,000, the training time increased to over 2.5
hours. Accuracy generally improved as the number of training iter-
ations increased, rising from 14.51% at 1,000 iterations to 99.20% at
20,000 iterations. The 1,000 prompt test set contained 199 unique
arithmetic expressions. All of the unique prompts appeared in the
training portion which means that the evaluation set did not assess
generalization to unseen one-digit operand–operator combinations.
Therefore, these results should be interpreted as performance on
problems represented in the training data. Furthermore, the results
are from a single run.

The model performance seemed to improve nonlinearly as the
number of training iterations increased. Although increasing the
number of training iterations did lead to improved performance,
the model’s performance seemed to rapidly increase from 1,000 to
10,000 iterations and plateaued once it reached around 10,000 train-
ing iterations. This suggests that the model had already learned
the necessary arithmetic relationships to perform single digit arith-
metic operations (see Figure 1 and Table 1). The final model’s con-
figurations were used as the baseline for the second experiment.
Additionally, 20,000 training iterations were used for subsequent
experiments in order to allow each model to have enough training
before evaluation.

4.2 Experiment 2: Two-Digit Arithmetic
Evaluation

After the baseline model was evaluated, the model was expanded to
include two-digit arithmetic multiplication and addition operations
in order to determine whether the transformer could perform more
complex arithmetic relationships. The two-digit arithmetic model
contained most of the same parameters as the single digit model.
However, the two-digit model contained 4 layers, 4 attention heads,
and an embedding dimension of 128 as preliminary results showed
that the model was initially unable to perform arithmetic calcu-
lations. Additionally, the two-digit model was trained on 20,000
iterations.

Initially, the two-digit arithmetic dataset only contained 5,000
examples. Similar to the one-digit dataset, only numerical prompts
were included. However, the dataset included values from 10 to
99. Single digit numbers were not included in the new dataset.
Even though combining one-digit and two-digit examples into one
dataset would still have increased complexity, this would introduce
different levels of complexity within one dataset making it hard to
determine how the model responds to two-digit prompts specifi-
cally. By restricting the dataset to only two-digit, we can strictly
analyze the model’s ability to learn more complex numerical rela-
tionships associated with two-digit operations. Specifically, when
performing addition operations, the model had to consider carry-
ing between the ones and tens positions. For multiplication, the
model had to consider the relationship between multiple digits. The
increased numerical complexity was associated with the decrease
in performance by the original model configuration.
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Each model was trained against five independent random seeds
in order to account for the variation caused by random initialization
and was evaluated using the standardized prompt-level evaluation
procedure. By training on the 5,000 example dataset, the model
produced a mean accuracy of 68.74% with a standard deviation of
1.16 percentage points (see Table 2). The relatively small standard
deviation indicated that model results were similar across the five
random seeds. After the model trained on the original 5,000 ex-
ample dataset, the performance of the two-digit arithmetic model
was noticeably lower compared to the performance of the one-digit
arithmetic model. We were initially reluctant to assume that the
dip in accuracy was purely due to the increased complexity of
the numerical tasks since the initial two-digit dataset was smaller
compared to the one-digit dataset. This presented a potential con-
founding factor that could have affected the model’s accuracy and
its ability to create more complex relationships between numer-
ical values. In particular, the dataset of the two-digit model only
contained a quarter of the number of examples compared to the one-
digit dataset. Therefore, it was not clear whether the performance
decreased due to an increase in the complexity of the arithmetic
operations or whether it was due to the reduced dataset size.

To isolate the effect of dataset size, the two-digit arithmetic
dataset was expanded to include 20,000 examples to match the
size of the one-digit arithmetic dataset while containing an equal
distribution of two-digit multiplication and addition problems. The
model architecture, training procedure, and training iterations were
all held constant while the dataset size was the only experimental
variable between both two-digit trials. Across the five random seeds,
the model produced a mean accuracy of 86.00% and a standard
deviation of 2.29 percentage points (see Table 2). The mean accuracy
increased by 17.26 percentage points from the initial dataset to the
expanded dataset.

The evaluation prompts overlapped with the training data for
both dataset sizes, but at different extents. For the 5,000 example
dataset, 243 of the 1,000 evaluation prompt occurrences (24.30%)
matched arithmetic problems represented in the training portion.
On the other hand, 670 of the 1,000 evaluation prompt occurrences
(67.00%) matched arithmetic problems represented in the training
portion for the 20,000 example dataset. When considering only
unique prompts, 233 of 970 problems (24.02%) overlapped with
the 5,000 example dataset and 652 of 970 (67.22%) overlapped with
the 20,000 example dataset. Therefore, the 17.26 percentage point
increase may partly reflect greater exposure to evaluated prob-
lems during training. Operand–operator combinations were not
deliberately held out. So, these results do not necessarily establish
improved generalization to unseen arithmetic problems.

The results suggest that increasing the amount of training data
from 5,000 to 20,000 examples substantially improved performance
(see Figure 2). The mean accuracy of the two-digit model remained
lower than the accuracy of the one-digit model. This demonstrates
that the increased numerical complexity remained a challenge under
the baseline architecture. These results motivated the subsequent
experiment investigating the effect of increasing model capacity to
determine whether that would provide an additional improvement
beyond increasing the amount of training data.

Figure 2: Accuracy comparison between 5,000 and 20,000
example datasets.

Table 2: Two-digit arithmetic accuracy across five random
seeds for different dataset sizes.

Metric 5,000 Examples 20,000 Examples
Seed 1 69.70 84.00
Seed 2 67.70 83.10
Seed 3 70.00 87.70
Seed 4 68.90 87.10
Seed 5 67.40 88.10
Mean ± SD 68.74 ± 1.16 86.00 ± 2.29

4.3 Experiment 3: Model Scaling
After testing the effect of increasing the arithmetic dataset for the
two-digit arithmetic model from 5,000 examples to 20,000 examples,
this motivated the investigation of expanding the model architec-
ture. Additionally, the one-digit model still performed substantially
better than the two-digit model. Therefore, we decided to focus on
altering the model architecture in order to make it larger to examine
whether this factor would help the model learn more arithmetic
relationships, allowing it to have a higher accuracy boost.

In order to isolate the effect of model capacity, the number of
examples in the dataset was held constant at 20,000 examples. Ad-
ditionally, the number of training iterations was held constant at
20,000 as well. The initial architecture of the model consisted of
4 transformer layers, 4 attention heads, and an embedding dimen-
sion of 128, resulting in 0.79 million trainable parameters. The new
model was altered from 4 to 6 transformer layers, 4 to 6 attention
heads, and an embedding dimension altered from 128 to 192. The
largest configuration consisted of 2.66 million trainable parameters.
The other model parameters such as dropout rate, batch size, block
size, optimizer, and learning rate were held constant (see Table 3).

The largest two-digit arithmetic dataset, containing 20,000 ex-
amples, was used to train the model and was evaluated using the
same prompt-based inference procedures as the original two-digit
model. By keeping the dataset size, training duration, and evalua-
tion methodology constant, this allowed for the evaluation of the
model to be purely based on the increases in the model’s capacity

111



IJSCAR VOL. 3, ISSUE 4, October 2026, Damera

Table 3: Configuration comparison between baseline and
expanded two-digit model architectures.

Parameter Baseline Expanded
Layers 4 6

Attention Heads 4 6
Embedding Dimension 128 192

Parameters 0.79M 2.66M
Dropout 0.2 0.2
Batch Size 64 64
Block Size 32 32
Optimizer AdamW AdamW

Learning Rate 1e-3 1e-3
Training Iterations 20,000 20,000

rather than the influence of external variables. This allowed us
to compare the baseline and expanded model architectures in a
controlled environment. The experiment went on to show whether
larger transformer architectures were beneficial and would lead
to improvements in accuracy when tackling tougher arithmetic
expressions.

Across the five independent random seeds, the model produced
a mean accuracy of 92.66% with a standard deviation of 1.22 per-
centage points (see Table 4). The model had a 6.66 percentage-point
improvement compared to the baseline architecture which achieved
an 86.00% mean accuracy (see Figure 3). Both the baseline and ex-
panded models were trained on the same 20,000 example dataset
and trained over 20,000 iterations. The evaluation overlap for the
expanded model was the same because it used the same 20,000
example dataset and evaluation prompts as the baseline model.
Therefore, accuracy improvement indicates better performance un-
der the same data conditions, but does not necessarily establish
improved generalization to unseen arithmetic problems.

Table 4: Two-digit arithmetic accuracy across five random
seeds for the baseline and expanded model architectures.

Metric Baseline Expanded
Seed 1 84.00 93.50
Seed 2 83.10 90.70
Seed 3 87.70 92.90
Seed 4 87.10 93.80
Seed 5 88.10 92.40
Mean ± SD 86.00 ± 2.29 92.66 ± 1.22

The expanded model had an improvement over the baseline
architecture. This improvement was smaller compared to the im-
provement achieved by increasing dataset size from 5,000 to 20,000
examples. However, both changes led to improved performance.
Furthermore, the expanded model architecture allowed the model
to further approach the accuracy of the one-digit arithmetic model
which suggests that increased model capacity was associated with
improved performance on two-digit arithmetic operations.

This experiment focuses on investigating overall model capac-
ity rather than isolating the contribution of a single component

Figure 3: Accuracy comparison between baseline and ex-
panded two-digit models.

of the model’s architecture as the expanded architecture simulta-
neously increased the number of layers, attention heads, and em-
bedding dimensions. Therefore, the results suggest an association
between increasing model architecture and improved arithmetic
performance.

4.4 Experiment 4: Natural Language Arithmetic
Evaluation

The arithmetic-only experiments provided a foundation for under-
standing the factors that influenced the model’s ability to learn
and perform arithmetic operations. In order to add another level of
complexity, arithmetic expressions were embedded into natural lan-
guage prompts which meant that the arithmetic expressions were
no longer isolated. These prompts contained surrounding words,
punctuation, and non-mathematical characters. This was done to
evaluate whether the model would still be able to identify relevant
parts of the prompt and perform arithmetic operations despite the
surrounding linguistic context.

Initially, natural language prompts were inputted into the arith-
metic model to test the model. However, the model was unable
to process these prompts purely due to a vocabulary limitation,
producing key errors. This was the case because the initial char-
acter vocabulary only contained numerical values and operators.
Therefore, the model was not able to process the natural language
prompts because alphabetic characters and punctuation were not
part of the tokenizer vocabulary. Examples of these vocabulary
errors are shown in Table 5.

Table 5: Examples of vocabulary errors produced by the
arithmetic-only model when processing natural language
prompts.

Prompt Output Cause
I like pizza. 14*15= KeyError Unseen Character "I"
What is 88+23= KeyError Unseen Character "W"

Today is Sunday. 45+27= KeyError Unseen Character "T"
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The vocabulary failure demonstrated that the arithmetic-only
model was unable to directly evaluate natural language prompts
without first modifying the tokenization scheme. Importantly, this
did not suggest that the model was completely incapable of provid-
ing correct outputs with natural language surrounding arithmetic
prompts as the model stopped directly after the first character when
processing each prompt. In order to address this limitation, a new
character-level vocabulary was created to account for both the
original vocabulary, containing numerical values and operators, as
well as alphabetic characters and punctuation marks required for
the natural language prompts. The upgraded unified vocabulary
allowed both mathematical and non-mathematical characters to be
represented.

Subsequently, this motivated the construction of a new dataset
which not only included numbers and operators, but also contained
the letters and punctuation marks that were missing from the orig-
inal arithmetic-only dataset. The same training framework and
the same number of iterations from the previous experiments was
used. Additionally, the range of numbers used was 10 to 99 which
is the same range of numbers used in Experiments 2 and 3. Fur-
thermore, the model contained the same expanded transformer
architecture as Experiment 3. The initial natural language prompts
were constructed and tested manually in order to examine whether
the model could process the prompts under varied textual formats.
Eventually, prompts were generated and tested in larger quantities
to minimize the margin of error and reduce human bias.

The expanded natural language model was evaluated using a set
of 1,000 prompts containing linguistic context as well as both two-
digit multiplication and addition expressions. Similar to previous
trials, model outputs were only considered correct if the output
contained the correct numerical result. In order to successfully
answer prompts, the model not only had to make sure that it de-
veloped the right numerical relationships for both addition and
multiplication expressions, but it also had to focus on the relevant
portion containing the arithmetic expression and reduce its focus
on non-mathematical context.

The natural language model was evaluated through the standard-
ized prompt-based evaluation procedure. The model produced the
correct output for 943 prompts from the 1,000 prompt set, resulting
in a 94.30% accuracy. The results suggest that the model retained
substantial arithmetic performance even when numerical expres-
sions were embedded within natural language prompts. The model
seemed to perform slightly better than the expanded two-digit arith-
metic model. However, this result is not directly comparable to the
five-seed mean produced by the expanded two-digit architecture
as it was produced by a single run.

4.5 Experiment 5: Interpretability Analysis
After noticing that the natural language arithmetic model was pro-
ducing the right outputs for the majority of the evaluated prompts,
this motivated further investigation in examining which input to-
kens influenced the behavior of the model, as the raw accuracy
alone was insufficient to indicate which portions of the prompts
were being used to generate outputs. In order to do so, interpretabil-
ity experiments were conducted using the Captum library for Py-
Torch [6] for our fifth and most crucial experiment. Specifically, the

model’s behavior was analyzed using Integrated Gradients [13] as
the primary attribution method because it satisfies the Sensitivity
and Implementation Invariance axioms and has the completeness
property. Integrated Gradients was used because it estimates how
much each input token contributes to the overall output by inte-
grating gradients along a continuous interpolated path between a
baseline input and the observed input.

Attribution scores were computed systematically across all 1,000
evaluation prompts which had diverse context prefixes. For every
input token in each prompt sequence, attribution was evaluated
with respect to the highest probability next-token prediction. Two
baseline configurations were investigated: a zero embedding base-
line and a mean embedding baseline. 100 integration steps were
used for each calculation. The target token was selected as the
model’s highest probability prediction for the final input position.
The embedding-dimension attribution values were summed to pro-
duce a single attribution score for each input token. Attribution
scores were aggregated by token category to observe whether the
attribution scores and patterns of individual prompts were consis-
tent across the test set. The attribution scores were crucial as they
provided insight into the contribution of each individual character
to the model’s output. This helped determine whether arithmetic
operators and numerical values had a greater influence on the
model’s predictions than the surrounding natural language tokens.
After evaluating all batches, the distribution of attribution scores
revealed a divide between natural language prefixes and arithmetic
operations.

After observing the zero embedding baseline, arithmetic opera-
tors received the highest mean attribution score (+5.891 ± 2.722)
and digits resulted in the second highest mean attribution score
(+1.436 ± 1.239). Punctuation seemed to produce an intermedi-
ate mean attribution of +0.975 ± 1.528. Whitespace and letters
received the lowest attribution scores. Similarly, this pattern was
also consistent through the mean embedding baseline as opera-
tors (+4.543 ± 2.317) and digits (+1.645 ± 1.262) contributed most
to model predictions while the whitespace and letters received
substantially lower scores. The results indicate that the attribution
patterns were broadly consistent across both baselines (see Table 6).

Table 6: Mean Integrated Gradients attribution ± standard
deviation across 1,000 test prompts using zero embedding
and mean embedding baselines.

Token Zero Mean
Operator +5.891 ± 2.722 +4.543 ± 2.317
Digit +1.436 ± 1.239 +1.645 ± 1.262
Punctuation +0.975 ± 1.528 +0.918 ± 1.824
Whitespace +0.222 ± 0.653 +0.152 ± 0.493
Letter +0.055 ± 0.231 +0.109 ± 0.276

For example, in the prompt “Today is Sunday. 42+94=”, the high-
est attribution scores were given to the arithmetic operators (the
plus and equals sign) along with the numerical values (4, 2, 9, and
4) that preceded the prediction. On the other hand, lower attribu-
tion scores were given to most characters belonging to the natural
language prefix (see Figure 4).
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(1) Operational Tokens Attribution: The arithmetic oper-
ators received the highest mean attribution scores across
the test prompts. Specifically, the equals sign frequently
produced the highest attribution score. This suggests the op-
erators were strongly associated with the model’s predicted
outputs.

(2) Operand Digit Attribution: The second operand’s leading
digits and the first operand’s major positional components
attracted the majority of feature weight, suggesting that
the model’s predictions were more strongly associated with
numerical tokens than with most contextual tokens. Digits
received the second highest attribution, suggesting they also
contributed meaningfully to the model’s predictions.

(3) Contextual Attribution: The natural language portions
of each prompt produced lower attribution scores than the
other tokens or even produced negative scores. However,
certain punctuation marks sometimes received higher scores
than expected, suggesting that some non-mathematical to-
kens were not entirely irrelevant to the model’s predictions.

Figure 4: Character-level Integrated Gradients attribution
scores for an example arithmetic prompt under zero embed-
ding and mean embedding baselines.

Punctuation was further investigated as it occasionally received
relatively high attribution scores. Two experiments were conducted
to investigate the role of punctuation in arithmetic prompts. The
first experiment focused on removing all punctuation marks. By
doing so, we noticed the accuracy decrease from 94.30% on the
original prompts to 93.00% on the prompts without punctuation.
The 1.30 percentage point decrease in performance suggests that
punctuation removal had a modest effect on performance (see Ta-
ble 7).

Furthermore, the second punctuation experiment focused on
shifting the position of the punctuation marks. Specifically, punc-
tuation marks were shifted 5 characters to the left of their initial
position. Accuracy decreased to 82.10% for the modified prompts,
resulting in a reduction of 12.20 percentage points compared to the
94.30% on the original prompts (see Table 7). The larger decrease
in performance suggests that punctuation placement and prompt
structure can substantially affect model performance. However, this

altered the local context and naturalness of the prompts. There-
fore, the decrease in accuracy may not be solely attributed to the
positions of punctuation marks.

Table 7: Effect of punctuation modifications on accuracy.

Condition Accuracy Δ (Percentage Points)
Original prompts 94.30% —
Punctuation removed 93.00% −1.30
Punctuation shifted left 82.10% −12.20

tegrated Gradients scores for punctuation were examined un-
der both the zero embedding and mean embedding baselines for
the original and modified prompts (see Table 8). For the original
prompts, the zero embedding baseline produced mean attribution
scores of 0.953 for periods and 1.010 for colons while the mean
embedding baseline produced mean attribution scores of 1.089 for
periods and 0.651 for colons. For the relocated punctuation results,
periods had higher mean attributions than colons under both base-
lines. Under the zero embedding baseline, periods produced a mean
attribution score of 1.280 compared to colons which produced a
score of 0.330. Under the mean embedding baseline, periods pro-
duced a mean attribution score of 1.930 while colons produced a
mean attribution of 0.465. At the aggregate punctuation-category
level, the mean score decreased from 0.975 to 0.695 under the zero
embedding baseline but increased from 0.918 to 1.028 under the
mean embedding baseline. These differences indicate that the ob-
served attribution patterns may depend on the baseline and prompt
condition. One possible explanation is that punctuation near an
arithmetic expression may provide a structural cue associated with
the transition from natural-language context to the expression.
However, the results do not fully establish that altering punctua-
tion position solely causes the observed changes in accuracy or
attribution since relocating the punctuation marks also changes
the surrounding text.

Table 8: Attribution statistics across baselines and prompt
conditions.

Baseline Prompt Period Colon All Punctuation
Zero Original 0.953 ± 1.701 1.010 ± 1.210 0.975 ± 1.528
Zero Shifted 1.280 ± 4.369 0.330 ± 0.837 0.695 ± 2.824
Mean Original 1.089 ± 1.846 0.651 ± 1.760 0.918 ± 1.824
Mean Shifted 1.930 ± 3.966 0.465 ± 0.905 1.028 ± 2.653

These observations suggest that the model placed greater em-
phasis on the arithmetic portion of the prompt when predicting the
next token. After evaluating the 1,000 prompt test set, the average
convergence delta was computed for each baseline. The average
signed convergence delta was+8.88×10−4 with an average absolute
convergence delta of 8.21 × 10−3 for the zero embedding baseline.
The mean embedding baseline resulted in an average signed con-
vergence delta of +2.46×10−4 and an average absolute convergence
delta of 4.11× 10−3. The small average absolute convergence deltas
indicate that the attribution calculations had relatively small ap-
proximation errors for both baselines.
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Although these experiments represent an initial analysis, they
provide evidence that operators and numerical values received
greater average attribution than letters and whitespace. Addition-
ally, the majority of the prompt outputs were correct regardless of
the linguistic information. Furthermore, the consistency between
the two baselines indicates that the observed attribution patterns
were not solely dependent on a single baseline choice.

5 Discussion & Future Work
The experiments demonstrate that the character-level transformer
models used in this study were able to learn and perform one-digit
and two-digit arithmetic operations under a controlled evaluation
setting. Increasing training iterations improved performance for
one-digit operations while the decrease in performance of the initial
two-digit model suggested that more complex models required
additional training data or a larger model capacity. The two-digit
model substantially improved when dataset size increased from
5,000 examples to 20,000 examples, rising from a mean accuracy
of 68.74% to 86.00%. Expanding the model architecture, with the
same 20,000 example dataset, further increased performance to
92.66%. The results suggest that both additional training data as
well as increased model capacity are associated with improved
performance [5].

The repeated seed evaluation demonstrated the importance of
accounting for training variability. Both datasets and the expanded
model were tested against five independent random seeds. The
5,000 example dataset model produced a standard deviation of 1.16
percentage points. The 20,000 example dataset model produced a
standard deviation of 2.29 percentage points. The expanded model
produced a standard deviation of 1.22 percentage points. These
trials helped provide a more complete representation of model
performance rather than solely relying on a single run.

Testing the natural language prompts with the arithmetic-only
model showed that the model was originally unable to process
these prompts, suggesting that adjusting the vocabulary design was
necessary to test arithmetic operations beyond purely numerical
inputs. After the vocabulary was expanded, the model successfully
produced correct outputs for the majority of the prompts even with
surrounding natural language, indicating that the initial failure was
due to the limited character vocabulary rather than dataset size or
model architecture.

Integrated Gradients provided further insight into the features
associated with model outputs. Specifically, operators and digits
had the highest mean attribution scores across both the zero embed-
ding and mean embedding baselines. On the other hand, whitespace
and letters produced substantially lower scores. The intermediate
attribution scores produced by punctuation marks suggest that
some contextual tokens did have more influence than expected
on model predictions. The punctuation experiments also showed
that changes to punctuation placement were associated with a
substantial decrease in accuracy, although these changes also al-
tered the surrounding text. This suggests that prompt structure
may affect model performance, but further experiments are needed
to isolate the effect of punctuation position itself. The attribution
values identified the associations between inputs and predictions.
However, these results should be interpreted as evidence of feature

contribution rather than direct evidence that the model possesses
human-like reasoning abilities.

This study was focused on one-digit and two-digit arithmetic
operations and the model’s reasoning behavior was evaluated us-
ing Integrated Gradients on the final and most advanced model
containing natural language. The controlled setting allowed for
the analysis of token-level attribution and individual factors. How-
ever, it does not establish how the behaviors observed throughout
the experiments would relate to larger language models or other
mathematical reasoning tasks. The experiments do not compare
the models against a non-transformer baseline. Additionally, model
architecture parameters were increased simultaneously. Therefore,
the effect of increasing overall model capacity was examined. Fu-
ture work could isolate individual contributions of transformer
layers, attention heads, or embedding dimensions. Additionally,
future studies should focus on more complex arithmetic tasks, sim-
pler computational baselines, larger benchmark datasets, other
interpretability techniques, and examine whether larger or inde-
pendently trained models exhibit similar attribution patterns while
running trials on a GPU to increase computational speed.

6 Conclusion
This study has unpacked how character-level transformer models
can learn arithmetic relationships in a controlled setting. Each ex-
amined factor demonstrated changes in arithmetic performance.
However, the effect differed based on the factor being analyzed.
Increasing dataset size substantially improved performance from a
mean accuracy of 68.74% to 86.00% across five random seeds. Ex-
panding the two-digit model’s architecture increased performance
to 92.66%, further reducing the gap in performance between the
two-digit model and the simpler one-digit model. Integrated Gra-
dients showed that the model assigned higher average attribution
to arithmetic operators and numerical values than whitespace and
letters, while the model achieved high accuracy on arithmetic ex-
pressions embedded in natural language. This overall pattern was
consistent across both the zero embedding and mean embedding
baselines. These findings demonstrate that interpretability methods
are useful as they add an additional perspective, complementing
accuracy-based evaluations, by identifying the influence of differ-
ent input tokens on the model’s predictions. More broadly, these
experiments demonstrate the value of investigating transformer
behavior through both accuracy and interpretability techniques
rather than solely relying on model accuracy to provide evidence
of reasoning.
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